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This paper introduces an extended type-2 fuzzy relational database model (ET-2FRDB) for
aggregate and grouping operations that can represent and query uncertain and imprecise
information in the real world applications. In ET-2FRDB, each fuzzy relation is represented
by a type-2 fuzzy set whose membership degree of each tuple is a fuzzy number on [0, 1],
the fuzzy aggregate functions, the fuzzy relational algebraic, aggregate and grouping
operations are defined as extensions of those in the classical relational database model
thereby the membership degree of tuples associated by using the minimum and maximum
of fuzzy numbers. Also, some properties of the fuzzy relational algebraic, aggregate and
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1. INTRODUCTION

As we know, many fuzzy relational database models
(FRDB), such as [1], [2], [3], [4] and [5], have been developed
to overcome the shortcoming of the classical relational database
model (CRDB) for dealing with uncertain and imprecise
information of objects in the real world applications. As for
CRDB in [6] and [7], each FRDB is defined by a data
architecture and a set of the data operations corresponding with
this architecture. The set of the data operations in CRDB
consists of the algebraic operations and aggregate and grouping
operations [7]. The aggregate and grouping operations in a
database are extremely important and necessary to perform
some queries that the algebraic operations are not able to do.
For example, the query “compute the average salary of
employees within a department” or “find the maximum
treatment cost of all old patients in a hospital” can only be
performed by aggregate and grouping operations but not by
algebraic operations. However, there has been very little work
to date on building the set of aggregate and grouping operations
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in FRDB models. Most of these models feature only basic
algebraic operations and omit aggregate and grouping
operations. FRDB models are built by extending CRDB using
the fuzzy set theory. However, no model would be so universal
that could include all measures and tackle all aspects of
uncertainty and imprecision of information in the real world.
Thus, new FRDB models still continue to be developed for
modeling data objects of the real world.

Some FRDB models, such as [8], [9], [10] and [11],
represented a fuzzy relation as a set of tuples whose each
attribute may take a fuzzy set or a possibility distribution
inferred from a fuzzy set. Fuzzy relational algebraic operations
on these models were defined by employing similarity relations
on the domain of the attributes and proximity binary relations
on fuzzy sets or employing the possibility theory and proximity
binary relations on possibility distributions. In such models,
only [10] and [11] were concerned with fuzzy aggregate
operations but fuzzy grouping operations were not defined.
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Other FRDB models, suchas [12], [13], [14], [15], [16] and
[17], represented a fuzzy relation as a fuzzy set of tuples whose
each attribute only took a single value and the membership
degree was a real number in [0, 1] or a fuzzy number on [0, 1].
Fuzzy relational algebraic operations on these models were
defined by extending directly classical relational algebraic
operations based on fuzzy set operations. A FRDB model is
called a type-1 fuzzy relational database model (T-1FRDB), as
in [12], [13] and [14], if the membership degree of a relation is
a real number in [0, 1], and a type-2 fuzzy relational database
model (T-2FRDB), as in [15], [16] and [17], if that is a fuzzy
number on [0, 1]. T-2FRDB is better than T-1FRDB in
representing imprecise information. In [12], fuzzy aggregate
functions were mentioned but not formulared formally. In [13],
some forms of fuzzy aggregation queries were presented using
SQL but there are no formal definitions for these forms. T-
2FRDB models in [15], [16] and [17] were proposed to
overcome shortcomings of T-1FRDB models in representing
imprecise information, however fuzzy aggregate and grouping
operations were not defined therein. Thus, the abilities of
expressing and dealing with imprecise information of those T-
2FRDB models were limited in the real world applications.

In this paper, we propose an extended type-2 fuzzy
relational database model (ET-2FRDB) of CRDB with fuzzy
aggregate and grouping operations to overcome the
shortcomings of the model in [15] for computing and querying
imprecise information in practice. In ET-2FRDB, fuzzy
relations are represented as type-2 fuzzy sets, fuzzy relational
operations are defined as extensions of those in CRDB [7], T-
1FRDB [14] and T-2FRDB [15] thereby the membership
degree of tuples associated by using the minimum and
maximum of fuzzy numbers in [18]. Some properties of such
fuzzy relational operations are also formulated and proven.

Fuzzy sets and fuzzy numbers as the basis of mathematics
to develop ET-2FRDB are presented in Section 2. The
methodology for building the data model, defining algebraic
and aggregate, grouping operations of ET-2FRDB is introduced
in Section 3. Section 4 shows out the achieved results and
discussion of ET-2FRDB model. Finally, Section 5 concludes
the paper and outlines further research directions in the future.

2. Fuzzy SETS AND NUMBERS
Fuzzy sets and numbers are used to represent fuzzy
relations and execute queries in ET-2FRDB.

2.1 Fuzzy Sets

The fuzzy set is extended from the classical set as in [18],
[19] and defined as below.

Definition 1. A fuzzy set A on a universal set X is defined by a
membership function pa from X to the closed interval [0, 1] and
denoted by A = {x: ua(X)| xe X}. For each x € X, pa(x) or A(x)
is the membership degree of x in A.

The support of a fuzzy set A on X is the classical set that
contains all the elements of X that have nonzero membership
degrees in A. The height h(A) of a fuzzy set A on X is the largest
membership degree obtained by any element in that set. It
means h(A) = supxe x A(X). A fuzzy set A is called normal if h(A)
=1 and subnormal if h(A) < 1. A fuzzy set A on the real number
set R is called convex if for any elements x, y, z in the support
of A, the relation x <y < z implies that pa(y) > min(ua(x), pa(z)).

The standard operations on fuzzy sets are defined by extending
the operations on classical sets as follows.

Definition 2. Let A, B be fuzzy sets on a universal set X. The
complement of A, union, intersection and difference of A and
B are fuzzy sets on X and defined by:

1. A(x) =1 - A(x),

2. (A U B)(x) = max[A(x), B(X)],

3. (A n B)(x) = min[A(x), B(X)],

4. (A-B)(x) = min[A(x), 1-B(X)],

VX e X.

2.2 Fuzzy Numbers

The fuzzy numbers are special fuzzy sets that are used
to represent the fuzzy relations in ET-2FRDB. The fuzzy
numbers are defined in [18] as follows.

Definition 3. A fuzzy number A is a fuzzy set on the real number
set R such that:

1. Ais a normal and convex fuzzy set.

2. The support of A is bounded.

Definition 4. Let A and B be two fuzzy numbers. The minimum
and maximum of A and B are fuzzy numbers, denoted MIN(A,
B) and MAX(A, B), that are defined by:
1. MIN(A, B)(2) = SUpz=mince,yMin[A(x), BY)],
2. MAX(A, B)(z) = supzzmax(x yymin[A(x), B(y)],
VX, Y,Z e R.

The fuzzy set defined as above is also called the #ype 1
fuzzy set or the ordinary fuzzy set. The type 2 fuzzy set is
extended from the ordinary fuzzy set in [18] and [20] as
follows.

Definition 5. Let @ ([0, 1]) be the set of all ordinary (type-
1) fuzzy sets on [0, 1]. A type-2 fuzzy set A on a universal set
X is defined by a membership function p4 from X to g ([0,
1]). For each x € X, p4(x) is the membership degree of x for
A.

We note that the membership degree of a type-1 fuzzy
set is a real number in [0, 1], whereas, that of a type-2 fuzzy
set is a fuzzy number or set on [0, 1].

3. METHODOLOGY

ET-2FRDB model including the data model and the set of
the fuzzy relational algebraic, aggregate and grouping
operations is defined and built by extending the classical
relational database model [7] using the fuzzy sets and numbers
presented above.

3.1 ET-2FRDB Data Model

As CRDB data model, ET-2FRDB data model is a structure
including fundamental components as the schema, relation and
database. The ET-2FRDB schema and relation are defined in
turn as follows.

Definition 6. An ET-2FRDB schema is a pair R = (U, p),
where
1. U={As Ay ..., A} is a set of pairwise different attributes,
2. u is a mapping from dom(A1)xdom(Az)x...xdom(Ax) to
&([0, 1]), where dom(A) is the domain of the attribute A; (i
=1, ..., k) and £([0,1]) is the set of all fuzzy numbers on
[0, 1].
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As in CRDB, the symbols R(U, p) and R can be used to
replace R = (U, ).

Definition 7. Let U = {4, Ao, ..., A} be a set of k pairwise
different attributes. An ET-2FRDB relation over R(U, p) is a
finite subset r = {#, t, ..., t,} of the set
dom(A1)xdom(Az)x...xdom(Ar) of the domains of the
attributes 41, 4z, ..., Ax such that each ¢ is associated with the
fuzzy number pn,(¢;)) € £([0,1]) representing the membership
degree of #;in r, forevery i =1, 2,..., n.

Note that each ET-2FRDB relation r is a type-2 fuzzy
set and the fuzzy membership degree p.(#;)) expresses the
imprecise degree of the values of attributes A, A2, ..., Ax of
each tuple ¢ in . The ET-2FRDB schema and relation are
proper extensions of those in CRDB [7] and T-1FRDB [14],
[18] where u.(t;) was a real number in {0, 1} or [0, 1]. As in
CRDB, ecach element t; = (vi, v, ..., v) in an ET-2FRDB
relation r is also called a tuple of » and the symbol #.4; or
ti[4;] is used to denote the value v; of attribute 4; of tuple ¢.
For each set of attributes H < {41, 42, ..., Ai}, the symbol
t[H] denotes the rest of ¢ after eliminating the value of
attributes not belonging to H. In addition, if we only care
about a unique relation over a schema then we can unify its
symbol name with its schema’s name.

Example 1. An ET-2FRDB fuzzy relation, named
DIAGNOSE, over the schema DIAGNOSE({D_NAME,
P_NAME, P_AGE, P_DISEASE, D_COST}, p) can be given
as Table 1.

Table 1. Relation DIAGNOSE

D NAME P NAME P AGE P DISEASE D COST N
Oliver John 55 Tuberculosis $30 0.9
Blair George 46 Cirrhosis $11 high
Anne Ann 15 Gastritis $8 approx_0.7
Anne Selena 52 Duodenitis $8 1.0
Blair Helen 19 Hepatitis $10 1.0
{0.8: 0.9,
Oliver Paul 60 Lung cancer $35 1:1.0,
0.9:0.9}

In this relation, the attributes P NAME, P_AGE,
P _DISEASE, and D_COST describe the information about
the name, age, disease and daily treatment cost of each
patient, respectively, the attribute D NAME expresses the
information about the name of the doctors to diagnose and
treat for the patients. Fuzzy numbers on [0, 1] such as u()
= high, wW(t) = approx_0.7 represent the imprecise
membership degree of the second and third tuples, where
fuzzy numbers high and approx 0.7 may be defined to be
high = {0.6:0.5, 0.7:0.8, 0.8:0.9, 0.9:1.0, 1:1.0} and
approx_0.7 = {0.6:0.9, 0.7:1.0, 0.8:0.9}, respectively.

Definition 8. An ET-2FRDB database over a set of attributes is
a set of ET-2FRDB relations corresponding to the set of their
ET-2FRDB schemas.

3.2 ET-2FRDB Algebraic Operations

The ET-2FRDB algebraic operations are defined by
extending T-1FRDB algebraic operations [14] based on the
(type-2) fuzzy set operations using the minimum and maximum
of fuzzy numbers [18] to combine the fuzzy membership degree
of tuples of relations.

3.2.1 Selection

For defining the selection operation, first, selection
conditions are defined as follows.

Definition 9. Let R be an ET-2FRDB schema, X be a set of
relational tuple variables and @be a binary relation from {=, =,
<, <, >, >}, then selection conditions are inductively defined and
have one of the following forms:
1. x.A Oc, where x € X, Aisan attribute in Rand ¢ € dom(A).
2. x.A = f, where x € X, Ais an attribute in R, = is a binary
fuzzy relation and f € g (dom(A)), where g (dom(A)) is the
set of all fuzzy sets on dom(A).
3. — ¢ if ¢ is a selection condition.
4.6 ~ y if ¢ and y are selection conditions on the same
relational tuple variable.
5.¢ v y if ¢ and y are selection conditions on the same
relational tuple variable.

Example 2. Consider the ET-2FRDB schema DIAGNOSE in
Example 1, the selection of “all patients who are young and get
hepatitis” can be expressed by the selection condition x.P_AGE
= young A X.P_DISEASE =hepatitis, where young is the fuzzy
set that represent imprecise ages of patients given as in Fig.1.

The interpretation of a selection condition as the semantics
of it is defined as below.

Definition 10. Let R be an ET-2FRDB schema, r be a relation
over R, x be a tuple variable and t be a tuple in r. The
interpretation of selection conditions with respect to R, r and t,
denoted by Zgry; is the partial mapping from the set of all
selection conditions to £([0,1]) that is inductively defined as
follows:

1. Zrri(X.A 6c) = MIN((t), t.A &c).

2. (XA =) = MIN(ue(t), po(t)), where @ = x.A = f.

3. Zar(—0) =1 Trr9).

4. Zrrd¢ A y) = MIN(ZR (), Zrrd(w))-

5. Zrr(d v ) = MAX(ZRr(9), Zrri(W)).

Note that ¢ = x.A = f is the fuzzy set whose elements are
tuples in r. For each t e r, po(t) = f(t.A). Intuitively, Zrr«(X.A 6
c) and Zr.«(x.A = f) respectively are the satisfied degrees of the
conditions t.A #c and t.A = f for the tuple tinr.

Now, the selection on a fuzzy relation under a selection
condition is defined as follows.

Definition 11. Let R be an ET-2FRDB schema, r be a relation
over R and ¢ be a selection condition. The selection on r with
respect to ¢, denoted by oy(r), is the fuzzy relation r* over R
defined by r* = {t e r | u(t) = Zrr1(9) = 0}.

Example 3. Let r be the relation DIAGNOSE in Example 1
and middle_aged be the fuzzy set whose membership
function and graph as in Fig.1 below.

(22 vx € [20,35)
15

1, Vx € [35,45]
60—x
p ,Vx € (45, 60]

Lo, vx ¢ [20,60].

middle aged(x) =
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4 young

middle_aged old

0 20 35 45 60 Age
Fig.1. Fuzzy Set Values for Imprecise Ages of Patients

Then the query “find all patients who are middle-aged and
have cirrhosis” can be done by the selection operation
oy(DIAGNOSE), where ¢ = x.P_AGE = middle_aged A
X.P_DISEASE = cirrhosis.

The selection oy(DIAGNOSE) is implemented by
checking the satisfaction of all tuples in DIAGNOSE for the
selection condition ¢. Using Definition 10 and the
membership function of the fuzzy set middle_aged we have
the interpretation of ¢ for #, being:

Zrrin($) = MIN(Zzr(x.P_AGE = middle_aged),

Zrr(x.P_DISEASE = cirrhosis))
= MIN(MIN(p(t2), middle_aged(46)),
MIN(uA(t2), t».P_DISEASE = cirrhosis))
= MIN(MIN(high, 0.93), high)
= {0.6:0.5, 0.7:0.8, 0.8:0.9, 0.9:1.0, 0.93:1.0}.

For the other tuples, one has
Zr.ri(X.P_DISEASE = cirrhosis) = 0, Vi # 2.
Thus, the result of the query is the relation oy(DIAGNOSE)
that consists of one tuple as Table 2.

Table 2. Relation oy(DIAGNOSE)

D_NAME P_NAME P _AGE P_DISEASE D_COST u
{0.6:0.5,
0.7:0.8,

Blair George 46 Cirrhosis $11 0.8:0.9,
0.9:1.0,
0.93:1.0}

3.2.2 Projection

The projection operation of an ET-2FRDB relation is
extended from the projection operation of CRDB [7] and T-
1FRDB relations [14] with the fuzzy membership degree of
tuples and is defined as follows.

Definition 12. Let R(U, u) be an ET-2FRDB schema, r be a

relation over R and H = {A1, A2, ..., An} be a subset of U. The

projection of r on H, denoted by ITn(r), is the fuzzy relation r*
over the ET-2FRDB schema R", determined by:

1.R" = (H, u"), where u* is the mapping from
dom(A1)xdom(A2)x...xdom(An) to E(JO, 1]).

2. r={t"=t[H] |t erand p"+(t") = MAXe{ur(t)| t* = t[H]}}.

Example 4. The projection of the relation DIAGNOSE in
Table 1 on H ={P_NAME, P_DISEASE, D COST} is the
relation ITx(DIAGNOSE) as in Table 3.

Table 3. Relation ITy(DIAGNOSE)

P NAME P DISEASE D COST u
John Tuberculosis $30 0.9
George Cirrhosis $11 high
Ann Gastritis $8 approx_0.7

Selena Duodenitis $8 1.0
Helen Hepatitis $10 1.0
Paul Lung cancer $35 {0.8: 0.9, 1:1.0, 0.9:0.9}

3.2.3 Cartesian Product

For defining Cartesian product of ET-2FRDB relations, as
in CRDB, we assume that the set of attributes of ET-2FRDB
schemas is disjoint and every k-tuple t = (v, Va,..., V) is an un-
ordered list. The Cartesian product of two ET-2FRDB relations
is extended with the fuzzy membership degree of tuples from
that of two T-1FRDB relations [18] as follows.

Definition 13. Let U1, U, be two sets of attributes that have not
any common element, R1(U1, p1), R2(Uz, po) be two ET-2FRDB
schemas, ri, r, be two relations over R; and Ry, respectively.
The Cartesian product of r; and r», denoted by rix ry, is the
fuzzy relation r over the ET-2FRDB schema R, determined by:
1. R = (U, p), where U = Uy U Uy, p is the mapping from
DixDax...xDism to E([0, 1]), k = U4, m = |Uy, Dj is
dom(Ai), Ai e Uy u U,
2.r= {t = (Vly V2, ...y Vi Vie1y Vk+2,. .., Vk+m) | 1= (Vl, Vo, ..., Vk),
t2 = (Viel, Vis2,eer, Viem), t1 € 11, B € 12 and pe(t) =
MINpar, (6), by (t2))}-

3.2.4 Join

The join of ET-2FRDB relations is extended from the
natural join of T-1FRDB relations in [14] and [18] with the
fuzzy membership degree of tuples as below.

Definition 14. Let U; and U, be two sets of attributes such that
if they have the same name attributes, respectively in those two
sets then such attributes have the same value domain. Let Ry
(Ul, },Ll) and Rz(Uz, uz) be two ET-2FRDB schemas, ry, > be
two relations over Ry and Ry, respectively and {An, ..., A} =
U; NUz. The natural join of ry and r, denoted by rixar,, is the
fuzzy relation r over the ET-2FRDB schema R, determined by:
1. R = (U, w), where U = U; U Uy, u is the mapping from
DixDax...xDy to £([0, 1]), n = |U|, Dj is dom(Ai), Ai € U

o Uz.
2.r =Lt =(Vy, .., Viy Vi, --+, Vi, Vimy «oy Vi) | 12 = (V1, ..., Vj, Vh,
e Vi), 2= (Vhy ...y Vi Vimy -.., Vi), t1 € Iy, t2 € 12 such that v,

= u[A] = AL ..., vk = t[A] = L[AJ and pt) =
MIN (par, (t2), pr,(t2))}

Example 5. Let U;= {P_ID,P_DISEASE}, U,= {P_ NAME,
P _DISEASE} be two sets of attributes and PATIENT,,
PATIENT, be two fuzzy relations over two schemas R, = (Uy,
w) and R, = (Us, W) respectively as Tables 4 and 5. The
result of the join of PATIENT; and PATIENT is the relation
PATIENT = PATIENT; over the schema R = (Uy U Ua, 1)
computed as in Table 6.

Table 4. Relation PATIENT;

P_ID P_DISEASE M1

P004 Cirrhosis 1.0

P005 Lung cancer high

P006 Hepatitis {1:1,0.9:0.8,0.8: 0.3}

Table 5. Relation PATIENT

P_NAME P_DISEASE 2
Blair Cirrhosis 0.9
Oliver Hepatitis {0.6:0.3,0.5: 1, 0.4: 0.4}

Table 6. Relation PATIENT 1 PATIENT
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P ID P_NAME P_DISEASE N
P004 Blair Cirrhosis 0.9
P006 Oliver Hepatitis {0.6: 0.3, 0.5: 1, 0.4: 04}

Here, note that MIN({1: 1, 0.9: 0.8, 0.8: 0.3}, {0.6: 0.3, 0.5:
1,0.4:0.4}) = {0.6: 0.3, 0.5: 1, 0.4: 0.4}.

3.2.5 Intersection, Union and Difference

The intersection, union and difference operations of ET-
2FRDB relations are straight extended from those of CRDB [7]
and T-1FRDB [18] using MAX, MIN of fuzzy numbers as
follows.

Definition 15. Let 1 and 7, be two relations over the same
ET-2FRDB schema R(U, ), then the intersection, union,
difference of r1 and ra, denoted by r1 M r2, 71 U 12, 11 — 12,
respectively is the fuzzy relation » over R defined by:

L v = {t] fiye () = MINQ, (0, 1y(0)}

2. 11V = {t [ o () = MAX (U (0), 1,(0)5,

3. 11— 2= {1 | () = MING (0, T-pry(0)}.

We note that the mathematical base for Definition 15 is
Definition 2 of the intersection, union and difference
operations on fuzzy sets. Moreover, because the relations r
and r; are the type-2 fuzzy sets, so instead of using min and
max of real numbers, we employ MIN and MAX of fuzzy
numbers.

Example 6. Given two fuzzy relations DIAGNOSE; and
DIAGNOSE; over the schema DIAGNOSE({P_ID, D_ID,
P_AGE, P_DISEASE, DATE}, w) as in Tables 7 and 8, then
the intersection of DIAGNOSE; and DIAGNOSE; is the
relation DIAGNOSE;~DIAGNOSE, over DIAGNOSE
computed as in Table 9.

Table 7. Relation DIAGNOSE;

PID DID P AGE P DISEASE DATE N
pP215 D093 60 Tuberculosis ~ 18/3/2023 1.0
pP234 D102 41 Hepatitis 20/3/2023 high
Table 8. Relation DIAGNOSE;
PID DID P_AGE P_DISEASE DATE n
P383 D102 68 Lung cancer  20/3/2023 0.9
P234 D102 41 Hepatitis 20/3/2023 1.0
P242 D025 15 Gastritis 18/3/2023  approx_0.7
Table 9. Relation DIAGNOSE;nDIAGNOSE;
PID DID P_AGE P_DISEASE DATE p
P234 D102 41 Hepatitis 20/3/2023 High

3.3 ET-2FRDB Aggregate and Grouping Operations
For defining aggregate and grouping operations in ET-
2FRDB, first, fuzzy aggregate functions in ET-2FRDB are

defined as extensions of aggregate functions in CRDB [7] as
below.

Definition 16. Let r be a fuzzy relation over an ET-2FRDB
schema R(U, u), A be an attribute in U. Then
1. The fuzzy aggregate function max for A on r, denoted by
max:(A), is the operation that computes a pair (v, y)
determined by:
o v=max({t[A] |t e r}), where dom(A) is an ordered set,

* % = MIN({u(t) [ t[A] = V3).

2. The fuzzy aggregate function min for A on r, denoted by
min.(A), is the operation that computes a pair (v, y)
determined by:

o v=min({t[A] | t € r}), where dom(A) is an ordered set,
o % = MIN[{u(t) [ t[A] = v}).

3. The fuzzy aggregate function count for A on r, denoted by
count,(A), is the operation that computes a pair (v, )
determined by:

o v=[{t[A][t e r},
% =MINtc ({8 |5 = MAX, < ({ur(u)| u[A] = tIAT}H}).

4. The fuzzy aggregate function sum for A on r, denoted by
sum¢(A), is the operation that computes a pair (v, y)
determined by:

e vV = Xy t[A], where the operation of the sum exists on
dom(A),
* % =MINic({8 |8 =MAXy e ({tr(u)| u[A] = tIA]})}).

5. The fuzzy aggregate function avg for A on r, denoted by
avgr(A), is the operation that computes a pair (v, x)
determined by:

o Vv = (Xier t[A])/|r], where r = & and the operations of the
sum and average exist on dom(A).
* % =MINte ({5 |8 =MAXy e ({ur(u) u[A] = t{A]})}).

Note that the value y in the pair (v, x) represents the
imprecise degree of the value v computed in a fuzzy aggregate
function. In addition, the symbol f(A) can be used to replace
f-(A) if we only care about a relation r, the expressions f(A).v
and f(A).y are used to denote the values v and y in (v, x). We
use the function count(*) to count all tuples in a relation.

Now, the ET-2FRDB aggregate and grouping operations
are defined as extensions of those in CRDB [7] under fuzzy
aggregate functions as follows.

Definition 17. Let r be a fuzzy relation over an ET-2FRDB
schema R(U, p) and Ag, A,..., A be the attributes in U such that
the aggregate functions fi(A1), f2(A2), ..., f(A) are valid on r and
Ay, Asty,..., Axg, be the derived attributes from fi(As), f2(A2), ...,
f(Ax) for taking the values (v, 1), (V2, x2), ..., (Vi %) OF fa(Aa),
f2(A2), ..., f(Ax), respectively on r. The fuzzy aggregate
operation on r with respect to fi(A1), f2(A2), ..., f(Ax), denoted
by Jtyap. 8. . fa(r), is the fuzzy relation s over the ET-
2FRDB schema J({Aar;, Azty.., Akid By 1y, .. 1) defined by s =
{t1 t[Aws,] = fi(Ad).va, t[Axr,] = f2(A2).V2,..., t[AKR] = fk(AK).Vk, piry
o, i () = MIN(f2(A1) ., Fo(A2).x,..... B(AQ) -0, )}

Example 7. Considering the relation DIAGNOSE in Table 1,
the query “find the minimum daily treatment cost of patients”
can be done by  the aggregate operation

Jminio_cosT)(DIAGNOSE) with the result being the relation over
the schema I({MIN_DCOST}, pmin) as Table 10.

Table 10. Relation Smino_cost)(DIAGNOSE)

Mi N_DCOST Hmin

$8 approx_0.7

Definition 18. Let r be a fuzzy relation over an ET-2FRDB
schema R(U, w), Hi, Ha, ..., Hnand Ay, Az,..., A be the attributes
in U such that r is partitioned into n subsets r1, ro, ..., Iy by the
equation binary relations on dom(H1), dom(Hy), ..., dom(Hr) and
the aggregate functions fi(A1), f2(A2), ..., f(A) are valid on r and
Ay, Asty,..., Axi, be the derived attributes from fi(As), f2(A2), ...,
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fi(Ax) for taking the values (vi, 1), (V2, %2), ..., (Vi %,) Of fa(Aa),
f2(A2), ..., Tk(Ax), respectively on ry, 1, ..., rn. The fuzzy grouping
operation on r with respect to Hy, Hy, ..., Hn and fi(As), f2(A2),
<oy T(Ax), denoted bY 1y, Hy, . HRGtAD, fo(Ay), .. fia(F), IS the fuzzy
relation g over the ET-2FRDB schema G({H1, Ha, ..., Hm, Aufy,
Azfz,..., Akfk}, Lty fp, ... fkg) defined by g= {ti | ti[Hl] = t[Hl], ti[Hz]
=t[H2], ..., tiflHn] = t[Hn], t € 1, ti[Alfl] = fri(Al)-Vl, ti[Azfz] =
f.—i(Ag).Vz,..., ti[Akfk] = fri(Ak)-Vk, W fo, ., fkg(ti) = MlN(flri(Al)-X1,
fzri(Az).Xz ,,,,,, fkri(Ak).Xk), i= 1, vy n}.

Example 8. Considering the relation DIAGNOSE in Table 1,
the query “find the sum and the daily average treatment cost of
patients under the diagnostician” can be done by the grouping
operation p_nAMEGcount(), avgo_cosT)(DIAGNOSE) with the result
being the relation over the schema G({D_NAME, P_COUNT,
AVG_DCOST}, pcountavg) as Table 11.

Table 11. Relation D_NAMEGcount(*), avg (D7COST)(D|AGNOSE)

D_NAME P_COUNT AVG_DCOST Hcount,avg
Oliver 2 $32.5 {0.8: 0.9, 0.9:1.0}
Blair 2 $10.5 high
Anne 2 $8 1.0

3.4 Property of ET-2FRDB Operations

The properties of the algebraic, aggregate and grouping
operations in ET-2FRDB are extended from those in CRDB as
equations below.

Proposition 1. Let R be an ET-2FRDB schema, r be a relation
over R, ¢1 and ¢, be two selection conditions. Then
O'¢1(O'¢2(I’)) = O'¢2(O'¢1(I')) (1)
Proof. Let s = oy,(r), we have
Go1(09,(I)) = {tes | Trs(d1) # 0} (Definition 11)

= {ter| Trri(¢2) # 0 A Trst(d1) = 0}

= {te r| %R,m(d)z) #0A ZR.r,t(d)l) Ed 0}
(Becausesc 1)

= {terMIN(Zrr1(92), Trri(¢a)) # 0}
(Definition 10)

= {ter|Trri(dp2Ad1) =0}

= G¢1A¢z(r)-

Since ¢1 A 02 < d2 A @1 (the logical conjunction of
selection conditions is commutative) hence Gy no,(r) =
Go,n9; (7). Therefore, it results in 64,(0y,(7)) = Gy,(04, (7)) O

Proposition 2. Let R be an ET-2FRDB schema, r be a relation
over R, A and B be two subsets of attributes of R, A = B. Then
TA(TTe(r)) = Ia(r) )

Proof. Because A < B, so AnB = A. From Definition 12, it is
easy to see that the sides of (2) are the relations over the same
schema with the set of attributes AnB = A. By the property of
the projection of the classical relations, Definition 7 and
Definition 12, it follows that two classical sets of tuples which
are collected respectively from two relations ITa(ITg(r)) and
I1a(r) are the same. Moreover, by Definition 12, the operation
MAX in two sides of (2) is executed on the same value set of
the membership degrees of tuples of r. From that ITa(Ilg(r)) =
ITa~s(r) = T1a(r). Thus, the equation (2) is proven o

Proposition 3. Let Ry, R and R be ET-2FRDB schemas such

that if they have the same name attributes then such attributes

have the same value domain, ri, r,and rs be relations over Ry,
Rz and R respectively. Then

L Xr="ryr; 3)

(ravary) arz=ryna(r2Xrs) 4)

The equations (3) and (4) say that the join operation of ET-
2FRDB relations is commutative and associative.

Proof. Clearly, r1 ™ rpand r, = ry are two relations over the
same schema. By the property of the join of the classical
relations, Definition 7 and Definition 14, it follows that two
classical sets of tuples which are collected respectively from
two relations ry ™ rpand rp »a ry are the same. In addition, the
operation MIN of two fuzzy numbers has commutativity. From
that leading the join of tuples has commutativity. So, by
Definition 14 we have ridra=ry xry.

By Definition 14, clearly (ry > rz) 0 rsand ri > (rz xrs) are
two relations over the same schema. By the property of the join
of the classical relations, Definition 7 and Definition 14, it
follows that two classical sets of tuples which are collected
respectively from two relations (r1 ™ rz) > rzand ry > (ro & r3)
are the same. Let A be a common attribute in U, U, and Us of
R1, R2 va R, because the operation MIN of two fuzzy numbers
and the identical operation of attribute values have
associativity, from that the join of tuples has associativity.
Thus, by Definition 14, it results in (r1 ™ ry) X rz3=ry > (rz X
I’3) a

Because the Cartesian product (Definition 13) is a
particular case of the join, it yields the straight corollary of
Proposition 3 below.

Corollary 1. Let Ry, R; and R; be ET-2FRDB schemas such
that each pair of them has not any common attribute, ry, roand
r3 be relations over Ri, R, and Rs, respectively. Then
rxry=ryxr; (5)
(rixry) xr3=rix (rz2x rs) (6)
Proposition 4. Let ry, r2 and r3 be relations over the same ET-
2FRDB schema. Then

rNr=rnr (7)
(rinr) Nrs=rin(r2nNrs) C))
rur=rur; (9)

(Mur)Un=ru@urs) (10)

Equations of (7), (8), (9) and (10) say that the intersection
and union of ET-2FRDB relations are commutative and
associative.

Proof. Because the intersection and union operations of sets
and the MIN and MAX operations of fuzzy numbers have
commutativity and associativity. So by Definition 15, it follows
that the equations (7), (8), (9) and (10) o

Proposition 5. Let R be an ET-2FRDB schema, r be a relation
over R and A, A ..., Ac be attributes of R such that the
aggregate functions fi(A1), f2(A2), ..., f(Ax) are valid on r. Then

1A, oA, ... (1) = Jn(A). (A, . A () (11)
where the sequence f(4,), fj(A].), s [1,(4,)) is a permutation

of the sequence fi(4,), £,(4,), ..., f,(4,)-
This property says that the ET-2FRDB aggregate

operation does not depend on the implemented order of the
aggregate functions.
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Proof. It is easy to see that two sides of (11) are the relations
over the same schema (Definition 17). Because fi(Ai), fi(A), ...,
fm(Am), 1, j, m € {1,..., K} compute at two sides of (11) on the
same relation r, hence return the same result at both sides. By
Definition 4, MIN, MAX of fuzzy numbers have
commutativity, consequently, the membership degree of tuples
of the relations at two sides of (11) is the same. Thus, the
equation (11) is proven o

The ET-2FRDB grouping operation does not depend on the
implemented order of the aggregate functions as formulated by
the following proposition.

Proposition 6. Let R be an ET-2FRDB schema, r be a relation

over R and Hy, Hy, ..., Hm, Ag, Az, ..., Ac be attributes of R such

that the aggregate functions fi(A1), f2(A2), ..., f(Ax) are valid on

r. Then

H1H o HnGf1(AD £a(A) o i@ (1) = HeHa, o HnGAD D, o () (1)
(12)

where the sequence f,(4,), j;(Aj), . [,,(4,) is a permutation

of the sequence f1(4,), /,(4,), ..., fi(4))-

Proof. Clearly, the relations at two sides of (12) have the
same attribute set, thus they are the relations over the same
schema (Definition 18). Because the order and number of
grouping attributes Hi, H>, ..., H, at two sides of (12) is the
same, so the number of partitioned groups by » and the
attributes of each group at two sides of (12) also are
respectively the same. Moreover, the grouping operation
computes on each group of a relation similarly to the
aggregate operation does on that relation, by Proposition 5,
we have the equation (12) o

4., RESULT AND DISCUSSION

We are easy to see that ET-2FRDB is an extension of
CRDB and T-1FRDB with type-2 fuzzy sets for aggregate and
grouping operations. ET-2FRDB is capable of expressing
imprecise information better than T-1FRDB (the conventional
fuzzy relational database model). In addition, ET-2FRDB also
has the capability of manipulating data effectively.

4.1 Extension of ET-2FRDB in representing and handling data

As presented above, there are two classes of the
conventional fuzzy relational database model (FRDB). The first
one represents a fuzzy relation as a set of tuples whose each
attribute may take a fuzzy set or type 1 fuzzy set. The
membership degree of a tuple in a relation is a number in the
set {0, 1}. The fuzzy relational algebraic, aggregate and
grouping operations are defined by employing similarity
(fuzzy) relations on the domain of the attributes and proximity
binary relations on fuzzy sets.

The second one represents a fuzzy relation as a type 1 fuzzy
set of tuples whose each attribute only takes a single value. The
membership degree of a tuple in a relation is a real number in
the interval [0, 1]. The fuzzy relational algebraic, aggregate and
grouping operations are defined by extending directly CRDB
operations based on fuzzy set operations.

Both of two classes of the conventional fuzzy relational
database model only use type 1 fuzzy sets and are called the
type 1 fuzzy relational database model (T-1FRDB). The
extension of T-1FRDB with type 2 fuzzy sets for expressing
fuzzy relations where the membership degree of a tuple is a

fuzzy number on [0, 1] to create the type 2 fuzzy relational
database models (T-2FRDB). To our knowledge, except ET-
2FRDB, no T-2FRDB molel is built for fuzzy aggregate and
grouping operations. In other words, ET-2FRDB is an
extension of T-2FRDB models with fuzzy aggregate and
grouping operations. Fig.2 illustrates the extension of ET-
2FRDB in comparison with the conventional fuzzy relational
database model.

CRDB

Extending with
type 1 fuzzy sets

Extending with
type 2 fuzzy sets
NZ
T-2FRDB Extending with
fuzzy aggregate and
grouping operations
NZ
ET-2FRDB

Fig.2. Extension of ET-2FRDB

4.2 Efficiency of ET-2FRDB in computing and querying data

By definitions of fuzzy relational algebraic and aggregate,
grouping operations of ET-2FRDB, we can see that the
computing complexity of these operations is a polynomial
under the size of relations. Indeed, regarding the selection
operation, since the computation time of the membership
degree of fuzzy sets, MAX and MIN of the membership degrees
of tuples is bounded above by some constant (Definition 1 and
4), then the cost for the interpretation of a selection condition
for a tuple (Definition 10) also is some constant (i.e. O(1)). It
results in the computing time complexity of the selection
operation on an ET-2FRDB relation (Definition 11) having n
tuples is O(n). Similarly, the computing time complexity of
Cartesian product, join, intersection, union and difference
operations on two ET-2FRDB relations having n and m tuples
is O(nm).

Because the computation time of MAX and MIN of the
membership degrees of tuples is bounded above by a constant,
we can see that the computing complexity of the projection and
aggregate operations on an ET-2FRDB relation (Definition 12,
17) having n tuples is O(n). For the grouping operation, the cost
for the grouping time on an ET-2FRDB relation having n tuples
is O(n). We have at most n groups and each group has at most
m tuples (m< n), then the computing complexity of the
grouping operation is O(n’m). Thus, we can say that the
performance of ET-2FRDB model in computing, manipulating
and querying imprecise information is good and can apply it in
practice.
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5. CONCLUSION

In this paper, we have introduced an extended type-2 fuzzy
relational database model (ET-2FRDB) with aggregate and
grouping operations. In this extended model, the membership
degrees of tuples in a relation are represented by the fuzzy
numbers on [0, 1], each relation is a type-2 fuzzy set. The data
model and fuzzy relational algebraic and aggregate, grouping
operations in ET-2FRDB have been defined formally and
coherently. The computation and combination of the
membership degrees of tuples in the algebraic and aggregate,
grouping operations on ET-2FRDB relations are implemented
by the operations MAX and MIN of fuzzy numbers. ET-
2FRDB is able to represent and execute the soft queries
associated with fuzzy sets as well as the aggregate and grouping
computations on fuzzy relations for dealing with imprecise
information in real databases.

In the next step, we will build a management system for
ET-2FRDB with the familiar querying and manipulating
language like SQL that allows expressing and handling
imprecise information in the real world.
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