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ABSTRACT

In the context of decision-making under uncertainty, fuzzy set theory has been extensively
applied to model imprecise and ambiguous information. However, the absence of a falsity
membership function limits its ability to fully capture the complexities of uncertain data.
Neutrosophic Set (NS) theory addresses this limitation by introducing the truth,
indeterminacy, and falsity functions, enabling a more comprehensive representation of
uncertain, indeterminate, and inconsistent information. Despite the theoretical
advancements of NS theory, its application in scientific decision-making remains limited.
To bridge this gap, this paper proposes a Multi-Criteria Decision Making (MCDM) method
based on Trapezoidal Neutrosophic Numbers to effectively address the uncertainty
associated with substrate selection for biogas recovery. The result shows that among five
biogas substrates, Palm Oil Mill Effluent Sludge is the most suitable substrates for biogas
with a score of 1.4316. This is followed by Palm Oil Mill Effluent with a score of 1.0868,
Carbohydrate-Rich Food Waste with 0.9081, Protein-Rich Food Waste with 0.7868, and
Fiber-Rich Food Waste with 0.7410. In addition, the sensitivity analysis shows that the
ranking remains stable under input variations, while comparative analysis confirms the
robustness and consistency of the proposed methodology against existing approaches. These
findings demonstrate that the MCDM based on Trapezoidal Neutrosophic Numbers offers a
structured and reliable framework for handling uncertainty, offering practical value to
decision-makers in biogas recovery and similar domains.

© 2026 The Authors. Published by Penteract Technology.
This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/licenses/by-nc/4.0/).

1. INTRODUCTION

Decision-making under uncertainty remains a significant
challenge across scientific disciplines, particularly in selecting
biogas recovery substrates. However, current uncertainty
modeling tools often fall short in addressing the complex
variables inherent in biogas processes, as they fail to adequately
represent the unique characteristics of organic waste substrates.

To address this gap, traditional fuzzy set theory, as
introduced by Reference [1], provides a mathematical
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framework for modeling imprecise and uncertain information
using a membership function. Building on this foundation,
subsequent developments such as the Intuitionistic Fuzzy Set
(IFS) theory proposed by Reference [2] expand this framework
by incorporating both membership and non-membership
functions. Further advancing this approach, Neutrosophic Set
(NS) theory, introduced by Reference [3], adds an
indeterminacy membership function in addition to truth and
falsity functions. This enhancement enables a more precise
representation of incomplete, inconsistent, and ambiguous
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information, thereby enhancing the modeling of complex
uncertainty.

Since then, NS theory has been further generalized into
various forms, including Interval-Valued Neutrosophic Sets
[4], Single-Valued Neutrosophic Sets [5], Generalized
Neutrosophic Soft Sets [6], Rough Neutrosophic Sets [7],
Simplified Neutrosophic Sets [8], Bipolar Neutrosophic Set [9],
and Multi-Valued Neutrosophic Sets [10], [11], and
Trapezoidal Neutrosophic Sets [12].

To effectively apply the theory of NS in decision-making
scenarios, researchers have developed the Single-Valued
Trapezoidal Neutrosophic Numbers (SVTNNS), as discussed in
[13]. Prior research explores SVINN operation and properties,
including the ranking method [14], [15], [16], aggregation
operators [17], [18], distance measures [19], and
defuzzification techniques [20]. The researchers integrated the
NS concept into the Multi-Criteria Decision Making (MCDM)
problems, such as multi-robot systems [21] and the
transportation problem [22].

While Single-Valued Trapezoidal Neutrosophic Numbers
(SVINNs) have been applied to wvarious Multi-Criteria
Decision Making (MCDM) problems, their fixed single-valued
structure limits their ability to represent high granularity
uncertainty. In contrast, Trapezoidal Neutrosophic Numbers
(TrNNs), as introduced by Reference [12] and [23], enable an
interval-based representation for each membership function.
This approach offers greater flexibility and precision in
modeling data from variable or imprecise decision-making
processes. Applications of TrNNs in MCDM methods include
the Analytic Hierarchy Process (AHP) and DELPHI [24], the
Technique for Order of Preference by Similarity to Ideal
Solution [25], and the Vlekriterijumsko KOmpromisno
Rangiranje (VIKOR) [26].

Although fuzzy set theory has been applied in various
decision-making contexts, its use in scientific domains remains
relatively limited. In biogas recovery research, a range of fuzzy-
based and hybrid intelligent approaches (e.g., fuzzy logic and
expert system, fuzzy DEMATEL, fuzzy modeling ANFIS,
genetic algorithm-optimized NAFIS, and hybrid fuzzy-decision
tree model) have been applied for diverse purposes, including
operational efficiency assessment [27], process parameter
optimization [28], biochemical methane potential parameter
classification [29], byproduct (H2S) control [30], and biogas
yield prediction [31].

However, the application of NS theory in biogas recovery
studies remains unexplored. Yet, the problem of substrate
selection for anaerobic digestion (AD) is inherently uncertain,
as it depends on key characteristics such as Total Solid (TS) and
Volatile Solid (VS), which vary across different organic wastes.
Identifying the most suitable substrate is crucial, as it directly
affects biogas yields, greenhouse gas mitigation, and the
efficiency of renewable energy production [32]. A substrate is
deemed suitable for biogas recovery if it meets three criteria:
total solids (TS) content exceeding 30% to ensure an adequate
organic loading, volatile solids (VS) content exceeding 70%
reflecting the proportion of degradable matter for microbial
conversion, and a potential of hydrogen (pH) level within the
range of 6.8 to 7.2, which supports the methanogenic activity
and prevents inhibition. These thresholds are consistent with
findings in the literature. Several studies have emphasized the
strong correlation between VS fraction [33], while the

importance of maintaining the pH for stable methanogenesis
has also been highlighted [34]. Furthermore, the TS content
above 30% is typically required in the AD process [35].

To address this research gap, this study proposes an
MCDM method based on TrNNSs to evaluate and rank substrates
for biogas recovery. The assessment considers five alternatives:
Carbohydrate-Rich Food Waste (CRFW), Fiber-Rich Food
Waste (FRFW), Protein-Rich Food Waste (PRFW), Palm Oil
Mill Effluent Sludge (POMES), and Palm Oil Mill Effluent
(POME), evaluated using key biochemical criteria under
uncertainty. The framework integrates TrNNs with both
arithmetic and geometric aggregation operators and utilizes a
score function to rank the alternatives. To ensure objectivity
and transparency in the evaluation process, the criterion weights
were determined through an expert survey, in which a domain
expert provided insights into the importance of each criterion.
This approach not only reinforces the methodological
transparency but also aligns with the goal of achieving a robust
decision-making framework.

The biogas recovery substrate selection process is
demonstrated and subsequently validated using sensitivity
analysis. To further evaluate the consistency and robustness of
the proposed methodology relative to existing approaches, a
comparative analysis is conducted.

The main contributions of this study are as follows:

1. A novel application of TrNNs to biogas substrate
selection, addressing uncertainty, indeterminacy, and
inconsistency in decision-making.

2. A structured MCDM framework that integrates
aggregation (arithmetic and geometric) and ranking
method (score function) methods to provide reliable
evaluations.

3. Validation of the methodology through sensitivity and
comparative analyses, which demonstrates its
stability, consistency, and practical relevance for
renewable energy decision-making problems.

The remainder of this paper is arranged as follows: Section
2 introduces the preliminaries of fuzzy sets, NS theory, TrNNs,
and defuzzification and aggregation methods. Section 3
presents the proposed methodology. Section 4 discusses the
application results, including sensitivity and comparative
analyses. Section 5 concludes with the main findings and
implications of the study.

2. PRELIMINARIES

This section presents the preliminaries of fuzzy sets,
defuzzification, and aggregation methods. Let X be the universe
discourse,

2.1 Fuzzy Set

Definition 1 Fuzzy Set [1]: A fuzzy set, denoted by, F is
defined as: F={ (x, uF(x)) Ix € X} where p;: X— [0, 1] is the
membership function of F. The membership value p.(x)
describes the degree of belonging to x € X in F.

Definition 2 Trapezoidal Fuzzy Number [36]: A
trapezoidal fuzzy number, denoted by, F is defined by its
membership function as:
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2.2 Neutrosophic Set

Definition 3 Neutrosophic Set [3]: A Neutrosophic Set,
denoted by, N is defined as: N={(x,( T(x), I(x), F(x))|xEX)}
where, T, I, and F are the truth, indeterminacy, and falsity
membership functions, such that T,I, F: X — [0, 1] and the
sum of T, I, and F is unrestricted, 0 < Ty+ I+ Fy <3,

Definition 4 Single-Valued Trapezoidal Neutrosophic
Number [13]: Lett, i, f€ [0, 1]anda<B <y <§ €R. Thena
Single-Valued Trapezoidal Neutrosophic Number, denoted by,
N is defined as: N=((a,f,7,6);t,i,f) with the truth,
indeterminacy, and falsity membership functions defined as:

X-a
(ﬁ—a.tﬁ as<x<p
o tx L<x<vy
TN(X)_ 6-X
m'tﬁ )/SXS(S
0 otherwise
x+ig(x-a
e .
Coy @)
5-v y=x=
1 otherwise
-x+fj(x-a
—('8 X‘B_NCEX ) a<x<p
f <x<
L P
— y<x<9§
6-y
1 otherwise

Definition 5 Trapezoidal Neutrosophic Number [12]: A
Trapezoidal Neutrosophic Number, denoted by, TrN is defined

as: TI'N:((U,T, BT’ YT’ 8T)a (0'[9 B]a Y[’ 8l)a (aFa BF’ YF’ 8F)) If
Br=Yr» B=Y,, and Bp=yp, then it becomes a Triangular
Neutrosophic Number.

Let there be two Trapezoidal Neutrosophic Numbers be:
Terz((aTla BT]’ YTI’ 6Tl)a (alla Bna Yll’ 611)9 (aFla BF]’ YFI’
6F1)) =((0.9, 1.0, 1.0, 1.0), (0.1, 0.2, 0.3, 0.4), (0.0, 0.0, 0.1,

02))a TrNZZ ((aT2> BTZ’ YTZ’ 8T2)> (0'129 B]2> ’lea 512)3 (U'F23 BFZ’

Yio» 8r2))=((0.8, 0.9, 1.0, 1.0), (0.2, 0.3, 0.4, 0.5), (0.0,0.1,
0.2, 0.3)), and A=2.

Definition 6 Operation of Trapezoidal Neutrosophic
Numbers [12]: Let there be two Trapezoidal Neutrosophic
Numbers be: TrN;, TrN,, and A=2. Then, the following
operational rules hold:

e Addition (D):

(aT1+ r2 - Q1 02, Brit+Prs - BTIBTZ:)
Yr1+Y12 - Yr1Y12, 811+8712 - 871872 /7
(erauz, BraBrzs YirYiz 811812),
(atp1%p2, Br1Br2s YF1Yr2) OF10r2)

Ter @TI‘N2= (

e  Multiplication (&):
(aTl OT2, Bn BTZ' Y11¥12/ ! 6T2)a
or1 + oz — o11042,Py; + B, — BB,
TrN; @TrN,=( (YH + ¥, = ViV 011 012 — 811512) )
Opp + Opz — Op10g2,Be; + Bry — Bry By
(YFl + Ypp — Vg1 Yy OF1 + Op2 — Op10p2 )

Scalar Multiplication (for A > 0):
(1 -(L-ap)h1-(1- Bn)ka>
T-(1-yp) 1= (=804
(anx’ ana Ynx’ 511x),

A A
(ale»BFl J’F]}‘, OF) )

MTer): ( )

Power (for A > 0):
(aTlx: an’ YTl}L’ 8T1}L),
(1 - (=g 1-(1 - B“)x’>
TN =\ 1 - (1-y,) 5 1- (-8 ))

(1 (o)t 1-(1- BFI)K>
T-(U-yp) ' 1= (1= 3

Working examples Definition 6:

e Addition:
TrN, @ TrN,
0.9 + 0.8 - (0.9)(0.8), 1.0 + 0.9 - (1.0)(0.9),

(1.o+ 1.0 - (1.0)(1.0), 1.0 + 1.0 - (1.0)(1.0))’

= (0.1)(0.2), 0.2)(0.3), (0.3)(0.4), (0.4)(0.5)), ?
(€0.0)(0.0), (0.0)(0.1), (0.1)(0.2), (0.2)(0.3))
(0.98, 1.00, 1.00, 1.00),

= ((0.02, 0.06, 0.12, 0.20),)
(0.00, 0.00, 0.02, 0.06)

e  Multiplication
TrN, @ TN,
((0.9)(0.8), (1.0)(0.9), (1.0)(1.0), (1.0)(1.0)),

((O.l) +(0.2) - (0.1)(0.2),(0.2) +(0.3) - (0.2)(0.3),)

= (\ (0.3) +(0.4) - (0.3)(0.4), (0.4) + (0.5) - (0.4)(0.5) /)
((0.0) +(0.0) - (0.0)(0.0), (0.0) + (0.1) - (0.0)(0.1),)

(0.1) +(0.2) - (0.1)(0.2), (0.2) + (0.3) - (0.2)(0.3)

(0.72, 0.90, 1.00, 1.00),

=((0.28, 0.44, 0.58, 0.70),)
(0.00, 0.00, 0.28, 0.44)

e  Scalar Multiplication
1-(1-09)2,1-(1- 1.0)2,)
1-(1-1.002,1-(1-1.0)2/)°
(0.12,0.2%,0.3%, 0.4%),
(0.0%,0.1%,0.2%,0.3%)

Z(Trﬁl) :<
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(0.99, 1.00, 1.00, 1.00),
=((0.01, 0.04, 0.09, 0.16),)
(0.00, 0.01, 0.04, 0.09)

e Power
(0.9%,1.0%,1.0%,1.0%),
_, (1 -(1-0.D%1-(Q1 -0.2)2,)
TN, =(\1-(1-03)%1-(1-04)%/")
(1-(1-0.0)2,1-(1-0.1)2)
1-(1-02)%1-(1-0.3)%
(0.81, 1.00, 1.00, 1.00),
= ((0.01, 0.36, 0.64, 0.19),)
(0.00, 0.01, 0.36, 0.51)

2.3 Defuzzification Method

In this section, the score function will be used to defuzzify
the Trapezoidal Neutrosophic Number.

Definition 7 Score Function of Trapezoidal Neutrosophic
Number [12]: Let TrN be a Trapezoidal Neutrosophic Number,

TeN=((ar, P> Y 81), (e, B> vy &), (g, B> Yes 5)). Then,
the score function of a Trapezoidal Neutrosophic Number,

denoted as S(TrN), is defined as: S(TrN)=% (2+ L i

4
GrPrn o oF et vt 8F) such that, S(TrN)€[0,1]
4 4 > > .

Working examples Definition 7:

S(TrN1)=§(z+
~0.8833

0.9+1.0+1.0+1.0 0.1+0.2+0.3+0.4 0.0+0.0+0.1+0.2)
4 4 4

2.4 Aggregation Method

Based on the operation of Trapezoidal Neutrosophic
Numbers in Definition 6, two aggregation methods to combine
the information are employed: the weighted arithmetic and the
weighted geometric aggregation method. The weighted
arithmetic aggregation method is adopted for its ability to
preserve the overall average while ensuring that each criterion’s
contribution is proportional to its assigned weight. The
weighted geometric aggregation method, on the other hand, is
well-suited to reflect multiplicative interaction effects among
criteria, ensuring that very low or high values exert their
expected influence. Using both methods provides a more robust
aggregation  framework that offers complementary
perspectives.

Definition 8 Trapezoidal Neutrosophic Number Weighted
Arithmetic Averaging Operators [12]: Let Ter=((an,

Brs Vs 81 )« (01 By sy 31y ) (s B o 7,

SFP)),(p:1,2,...,q) be a collection of Trapezoidal

Neutrosophic Numbers. Then, the Weighted Arithmetic
Averaging operators (TNNWAA) are defined as:

q
TNNWAA(TIN,, TrN,,..., TNy )= & (w,TrN,)
p=1

e (o) T (148,
(1) T (1-8)

q q W,
—( ( pt Uy Il By ) )
q q \ s
HP:1 YIpwp’ 9:18119 ’

q q W,
[y oy Iy BFp K

q W, q Wp
Hp:] Ylp b, p=1 SFp

where, w, € [0,1] and Zg:1 w, =1, w, representing the weight

>

of the p™ Trapezoidal Neutrosophic Number.

Working examples Definition 8: Let w;=0.55 and
w,=0.45,
2
TNNWAA(TtN,,TrN,)= ® (w,TrN,)
p=1
1-(1-0.9)%%5+1 - (1 - 0.8)%%,
1-(1-1.0)%5+1-(1-0.9)"4%,
1-(1-1.0)%5+1-(1-1.0)%, |’
\1 -(1-1.0)%%+1-(1 - 1.0)0-45/
T (0.1054 02095, 02055+ 0,304,
< 0.30.55_,’_ 0.40.45 0.40.55+ 050.45 ) ’
0.00455Jr 0.00445:0.00.55+ 0.10.45’
( 0.10.55+ 0.20.45, 0.20.55Jr 0.30.45 )
(1.2335, 1.6452, 2.0000, 2.0000),
= ((0.7665, 0.9943, 1.1778, 1.3362),)
(0.0000, 0.3548, 0.7665, 0.9943)

Definition 9 Trapezoidal Neutrosophic Number Weighted
Geometric Averaging Operators [12]: Let

TeN=((ar, By vy 01, ) (0B 1y 81y ). (e B 7 B, )

(p=1,2,...,q) be a collection of Trapezoidal Neutrosophic
Numbers. Then, the Weighted Geometric Averaging operators
(TNNWGA) are defined as:

q
TNNWGA (TN, TrN,,..., TN, )= ® (TrN, ")
p=1

( p=1 0 ? s Tl BTPWP’)
1 vey? > Tlpe 81,7 )
I (1) o= I (148, )
1T (1) 1T (1-5,,)
1 o) 1)

I (1-7,) T (1-6r,)

where, w, € [0,1] and 23:1 w, =1, w, representing the weight

~ )

of the p™ Trapezoidal Neutrosophic Number.

Working examples Definition 9: let w;=0.45 and w,=0.55:
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q
TNNWGA (TN, TrN,)= @ (TrN, ™)
p=1
( 1 00.45+ 1 00.55 1 00.45+ 1 00.55 )

1-(1-0.1)%%+1-(1-0.2)%-%,
1-(1-0.2)%%5+1-(1-0.3)%3,
1-(1-0.3)%%5+1-(1-0.4)%-%,

=t \1-(1-0.4)0-45+1-(1-0.5)0-55/ ’

1-(1-0.0)%%+1-(1-0.0)°3,
1-(1-0.0)%45+1-(1-0.1)%-%5,
1-(1-0.1)%%5+1-(1-0.2)%%3,
1-(1-0.2)%%5+1-(1-0.3)%3
(1.8382, 1.9437, 2.0000, 2.0000),
=((0.1618, 0.2737, 0.3932, 0.5223).)
(0.0000, 0.0563, 0.1618, 0.2737)

3. PROPOSED METHODOLOGY

This section introduces the proposed Multi-Criteria
Decision Making (MCDM) Method based on Trapezoidal
Neutrosophic Numbers (TrNNs) adopted from Reference [12]
to solve complex decision-making problems.

To provide a clear understanding of our approach, we begin
with an overview of the four-step process (Fig. 1). This
methodology ensures systematic evaluation and comparison of
alternatives under uncertainty. First, the linguistic decision-
making matrix is constructed using TrNNs for each criterion
relative to the alternatives. Second, the overall collective for
each alternative is computed using weighted arithmetic and
geometric aggregation methods. Third, a score function is
applied to calculate the scores for each alternative. Finally, the
alternatives are ranked by their calculated scores, allowing
decision-makers to identify the most suitable choice.

Step 1: Constructing the Decision-Making Matrix

|
Step 2: Computing the Overall Collective for each Alternative

Step 3: Calculating the Score Function for each Alternative

¥

Step 4: Ranking the alternatives

Fig. 1.A step-by-step process of the MCDM based on TrNNs

Suppose a multi-criteria decision-making problem consists
of aset of alternatives, Aj=(A;, A,,..., A,), and a set of criteria
Ci=(Cy,C;,...,C,). The decision matrix is denoted as

Nlj ((U'T,J BT -9 Yles 8Tu) ( l]‘js Blij’ Ylij’ Slij) 5 (aFijs BFij’ YFij’
Fij))’ where Nij represents a TrNN corresponding to the

evaluation of the jth criterion q for the i™ alternative A,
where 1 <i<m, 1 <j<n. The weights for the criteria are also
provided as TrNNs. The weight vector is denoted as W=(w,
Wy,..., Wy), Where each W is a TrNN that represents the weight
of the jth criterion (_3j.

Step 1: Constructing the Decision-Making Matrix

The  decision-maker assesses each  alternative
A;,1<i<m,] <j<n against the j"" criteria C; to construct the
linguistic  decision-making matrix, [N J] using  the
assessment scale in Table 1. Note that the hngulstic terms in
Table 1 were converted into TrNNs based on expert opinions
and supported by values from earlier research [12]. The

linguistic decision-matrix will be converted into its respective

TrNNs. For example, the decision-maker rates Alternative 1,

A,, with respect to Criterion 1, C,, as "High (H)”. Thus, the
are Ny, =
(0.8,0.9, 1.0, 1.0),(0.2, 0.3, 0.4, 0.5),(0.0, 0.1, 0.2, 0.3)).
Similarly, when the decision-maker rates A, with respect to

corresponding

Criterion 3, C;

corresponding

TrNNs

as “Near Optimal
TrNNs are
(0.3,0.4,0.5,0.6), (0.1,0.2, 0.3, 0.4)).

(NO)”, then,

Table 1. The Assessment Scale of the Decision Matrix

in the
N,;5=((0.7,0.8, 0.9, 1.0),

Linguistic Variable

Linguistic Variable

Trapezoidal

(Criteria 1 and 2) (Criteria 3) Neutrosophic Numbers
.9,1.0,1.0,1.0),
Absolutely High Absolutely Optimal (0.9,1.0,1.0,1.0)
(AH) (AD) ((0.1,0.2,0.3,0.4))
(0.0,0.0,0.1,0.2)
. . (0.8,0.9,1.0,1.0),
I%I‘f)h Op(t(‘)‘;lal ((0.2,0.3,0.4,0.5),)
(0.0,0.1,0.2,0.3)
Fairy High Near Optimal (0.7,0.8,0.9,1.0),
(FH) (NO) ((0.3,0.4,0.5,0.6),)
(0.1,0.2,0.3,0.4)
.4,0.7,0.8,0.9),
Medium Moderately Optimal (0.4,0.7,0.8,0.9)
o) MO) ((0.4,0.5,0.6,0.7),)
(0.2,0.3,0.4,0.5)
.1,0.4,0.7,0.8),
Fairly Low Sub-Optimal (0.1,0.4,0.7,0.8)
(FL) (SO) ((0.5,0.6,0.7,0.8),)
(0.3,0.4,0.5,0.6)
. . (0.0,0.1,0.4,0.7),
L(EV)V E a‘ﬂy(i‘étg’)p“mal ((0.6,0.7,0.8,0.9),)
(0.4,0.5,0.6,0.7)
0.0,0.0,0.1,0.2),
Absolutely Low Absolutely Sub- (EO 70.80.9 1 0;)
(AL) Optimal (ASO) -7,0.6,0.9,2.9),

(0.5,0.6,0.7,0.8)

Step 2: Computing the Overall Collective for each Alternative

Based on Definitions 8 and 9, the overall collective for ea_ch
alternative can be computed by utilizing the TNNWAA(A;)
and TNNWGA (A;) as follows:

=TNNWAA((Ny;, Njp,..., Nj)

n
=wN;;| ® woN L@ Qw, ® N
X =1
I (1-ary) 1 (1 BTU) (1)
NI ()T (8) )
(H}Ll o [T Blij ’ J':lylijw T SIUWJ)’
(T o™ TT BFijwj I YFijo T 8r)
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=TNNWGA((N;,, Ny, Ny
n

:Nllwl®N12W2®"'®Nmnwn=‘®lﬁijwj
i
(M ey I By T v T 8ry)
TE (1 o) 1 TE (1-B,) @)
=(\ 111 (1 -Ylij) | =TT (1 - Slij)
-1 (1-0ry) o 1-TT (1- B

I (1) 1o (1-85,)”

Wi Wi

A )
Wi

ij

where, Nij: ((aTij’ BTij’ YTij’ 8Tij) s (alijs Blij’ Ylij’ 6Iij) s (aFija

BFij’yFij’ SFij)), w;(j=1, 2,..., n) is the weight of the jth criterion

G, and Z;Ll wi=1.

Step 3: Calculating the Score Function for each Alternative

The score function of tlle collective overall for each
alternative, S(A;), such that S(A;)€ [0, 1] will be calculated by
using Definition 7 as follows:

ar + BT+ Y1 +Or ot B1+Y1 +8 af +BF+ Yt O

A=l
S(Ai)_3 (2+ 4 4 4

) 3
Step 4: Ranking the alternatives

The alternatives are ranked based on the score function
values computed in Step 3. The alternative with the highest
score indicates the most suitable choice.

4. RESULT AND DISCUSSION

This section is organized into three sub-sections: Section A
presents the Results of the Biogas Recovery Selection, Section
B discusses the Sensitivity Analysis, and Section C provides the
Comparative Analysis.

A. Results: Biogas Recovery Selection Process

The proposed methodology is applied to select the most
suitable substrates for anaerobic digestion in biogas recovery.
The process considers five substrates: Carbohydrate-Rich Food
Waste (CRFW), Fiber-Rich Food Waste (FRFW), Protein-Rich
Food Waste (PRFW), Palm Oil Mill Effluent Sludge (POMES),
and Palm Oil Mill Effluent (POME). As an initial assumption,
POMES is identified as the most suitable. This is explained by
its concentrated organic content, especially in VS, which
provides a higher energy yield [37]. Moreover, POMES
exhibits the highest buffering capacity, thereby enhancing
stability. In contrast with other substrates that contain more
lignocellulosic material, then to cause the rapid acidification,
while POME is more diluted organic load per unit volume [32],
[38]. These compositional and stability differences account for
POMES’s superior performance in biogas recovery.

To address the substrate selection problem, let the set of
alternatives (substrates) be denoted by, A;=(A,, A,,..., A,),
where: A;=CRFW, A,=FRFW, A;=PRFW, A,=POMES, and
As=POME. These alternatives are evaluated based on three

decision criteria (properties), denoted by, C;=(C,, C,...., C,),
where C,=TS, C,=VS, and C;=PH. Assume that the importance
of each criterion is represented by the weight vector,
W=(0.37,0.47, 0.16), then the evaluation of each substrate
with respect to the three criteria is performed by the decision-
maker under the TrNNs environment, which can be described
as follows:

Step 1: Constructing the Decision-Making Matrix

The decision-maker assessed each alternative against the
criteria to form the linguistic decision-making matrix, using the
assessment scale in Table 1. The linguistic decision matrix and
its corresponding TrNNs are presented in Table 2. As an
illustration, the decision-maker rates Alternative 1, A, with
respect to Criterion 1, C,, as "Fairly Low (FL)”. Thus, the
corresponding TrNNs are N,;;=((0.1,0.4,0.7,0.8),
(0.5,0.6,0.7,0.8),(0.3,0.4, 0.5, 0.6)).

Table 2. The linguistic Decision-Making Matrix and the
corresponding Trapezoidal Neutrosophic Numbers

g Criteria (C;)

B

e B B B

§ ~ C C; C;

3

2 — — —
FL=Ny, H=Ny, ASO =N,

(0.1,0.4,0.7,0.8),  (0.8,0.9,1.0,1.0),  (0.0,0.0,0.1,0.2),
< =1((05,0.6,0.7,0.8), =((0.2,0.3,0.4,0.5), =((0.7,0.8,09,1.0),
(0.3,04,0.5,0.6) (0.0,0.1,0.2,0.3) (0.5,0.6,0.7,0.8)

L=N, FH =N, ASO = Ny3
(0.0,0.1,04,0.7),  (0.7,0.8,0.9, 1.0), (0.0,0.0,0.1,0.2),
< =((0.6,0.7,0.8,0.9),) =((03,04,0.5,0.6),) =((0.7,0.8,0.9, 1.0),
(0.4,0.5,0.6,0.7) (0.1,0.2,0.3,0.4) (0.5,0.6,0.7,0.8)

L=Ny H=Ns, ASO = N33
(0.0,0.1,04,0.7),  (0.8,0.9,1.0,1.C  (0.0,0.0,0.1,0.2),
< =((0.6,0.7,0.8,0.9), =((0.2,0.3,0.4,0.¢ =((0.7,0.8,0.9, 1.0),

(04,05,0.6,0.7)  (0.0,0.1,0.2,0.:  (0.5,0.6,0.7,0.8)
AH =Ny AH =N, S0 =Ny
(09,1.0,1.0,1.0),  (09,1.0,1.0,1.0),  (0.1,04,0.7,0.8),

< =((0.1,0.2,03,0.4),) =((0.1,0.2,0.3,0.4),) =((0.5,0.6,0.7,0.8),

(0.0,0.0,0.1,0.2) (0.0,0.0,0.1,0.2) (03,04, 0.5, 0.6)
H=Ng, H = Ng, ASO = Ng;

(0.8,09,1.0,1.0),  (0.8,0.9,1.0,1.0),  (0.0,0.0,0.1,0.2),

i =((0.2,03,04,0.5), =((0.2,03,04,0.5), =((0.7,0.8,0.9, 1.0),

(0.0,0.1,0.2,0.3) (0.0,0.1,0.2,0.3) (0.5,0.6,0.7,0.8)

Step 2: Computing the Overall Collective for each Alternative

The overall collective for the alternative displayed in Table
3 is developed using Egs. (1) and (2). As an illustration, the
overall collective of Alternative 1, A; is computed as
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follows,
5
=TNNWAA(A,)=(N,;,Nps,..., Nu.,):}x1 w;N
=
1-(1-0.1)%37+ 1-(1-0.8)%47+1-(1-0.0)%16 —
(1-(1-0.1)%37)(1-(1-0.8)%47)(1-(1-0.0)"19),
1-(1-0.4)%37+ 1-(1-0.9)%47+1-(1-0.0)%16 —
(1-(1-0.4)%37)(1-(1-0.9)%47)(1-(1-0.0)"19),
1-(1-0.7)%37+ 1-(1-1.0)%47+1-(1-0.1)%16 —
(1-(1-0.7)%37)(1-(1-1.0)%47)(1-(1-0.1)%19),
(1-(1-0.8)"37)+(1-(1-1.0)*47)+(1-(1-0.2)*10) — )
(1-(1-0.8)%37)(1-(1-1.0)%47)(1-(1-0.2)"16)
(0.50'37 +0.2% 4+ 0.7916,0.6%37 + 0.3%47 4 0.80'16,>
0.7%%7 4+ 0.4%%7 + 0.9916 0.8%37 4+ 0.5%47 4 1.0016 )’
(0.3“37 +0.0%%7 + 0.5916,0.4%37 4 0.1047 4 0.60-16,)

0.5%37 + 0.2947 4 0.7°16,0.6%37 4 0.3%47 4 0.8*1¢
(0.5689, 0.8334, 1.3702, 1.4680),

= ((2.1876, 2.3606, 2.5097, 2.6427),)
(1.5355, 1.9728, 2.1876, 2.3606)

ij

5
=TNNWGA(A)=(N;;, Njz,..., N;5)= @ N;;"
i=1
0.1%%7+0.8%47+0.0%16 0.4°~37+0.90J~47+o.0°~‘6,
(0.70,37+1.00,47+0’10.16” 0.80.37+1.00.47+0'20<16> >
1-(1-0.5)%37+ 1-(1-0.2)%47+1-(1-0.7)°-16-
(1-(1-0.5)237)(1-(1-0.2)*47)(1-(1-0.7)%16),
1-(1-0.5)%37+ 1-(1-0.2)%47+1-(1-0.7)%16-
(1-(1-0.5)237)(1-(1-0.2)*47)(1-(1-0.7)%16),
1-(1-0.5)%37+ 1-(1-0.2)*47+1-(1-0.7)%1°-
(1-(1-0.5)%37)(1-(1-0.2)%47)(1-(1-0.7)*19),
(1-(1-0.8)%37)+(1-(1-0.5)*47)+(1-(1-1.0)*16)-
(1-(1-0.8)%37)(1-(1-0.5)%47)(1-(1-1.0) 1)
1-(1-0.3)%37+ 1-(1-0.0)*47+1-(1-0.5)%1°-
(1-(1-0.3)237)(1-(1-0.0)*47)(1-(1-0.5)%19),
1-(1-0.4)%37+ 1-(1-0.1)47+1-(1-0.6) " 16-
(1-(1-0.4)%37)(1-(1-0.1)*47)(1-(1-0.6)19),
1-(1-0.5)%37+ 1-(1-0.2)%47+1-(1-0.7)°-16-
(1-(1-0.5)%37)(1-(1-0.2)%47)(1-(1-0.7)*19),
(1-(1-0.6)°37)+(1-(1-0.3)*47)+(1-(1-0.8)*10)-
(1-(1-0.6)%37)(1-(1-0.3)%47)(1-(1-0.8) ")
(1.3270, 1.6641, 2.5682, 2.6937),

=((0.4971, 0.6588, 0.8574, 1.6020),)
(0.2286, 0.3558, 0.4971, 0.6588)

Table 3. The Overall Collective of the Alternative

A TNNWAA(A)) TNNWGA(A,)

(0.5689, 0.8334, 1.3702, 1.4680),

(1.5355, 1.9728, 2.1876, 2.3606)

(0.2286, 0.3558, 0.4971, 0.6588)
(0.4321, 0.5689, 0.8482, 1.3819),

(1.9463, 2.1646, 2.3402, 2.4914)  (0.3246, 0.4591, 0.6093, 0.7825)
(0.5307, 0.6994, 1.1861, 1.3819),

(1.6075, 2.0341, 2.2416, 2.4092)  (0.2772, 0.4094, 0.5573, 0.7282)

(1.3270, 1.6641, 2.5682, 2.6937),
A, ((2.1876,2.3606,2.5097, 2.6427), ((0.4971,0.6588, 0.8574, 1.6020),

(0.8457, 1.3270, 2.3560, 2.6493),
A, ((2.3402,2.4914, 2.6260,2.7483), ((0.6093,0.7825,0.9965, 1.7227),

(0.9004, 1.3783, 2.4043, 2.6493),
Ay ((2.2416,2.4092,2.5541,2.6837),, ((0.5573,0.7282, 0.9408, 1.6920),

(1.2450, 2.0000, 2.0000, 2.0000),  (2.6053, 2.8636, 2.9445, 2.9649),

A, ((1.6604, 1.9421,2.1529, 2.3275),) ((0.1913,0.3141, 0.4498, 0.6043),
(0.8248, 0.8636, 1.6604, 1.9421)  (0.0555, 0.0785, 0.1913, 0.3141)
(0.9794,1.2346,2.0000,2.0 (1.8212,1.9135,2.6918,2.77

A;  ((01.9652,2.1733,2.3458,2.4 ((0.3526,0.5007,0.6825,1.44
(0.8950,1.6869,1.9652,2.1 (0.1050,0.2227,0.3526, 0. 5(

Step 3: Calculating the Score Function for each Alternative
The score function for the collective overall for each
alternative, S(A;) calculated using Eq. (3), can be displayed in
Table 5. As an illustration, the score function for Alternative 1,
S(A,) for each aggregation method, is obtained as follows:

Score Function for TNNWAA(A,):

_1/0.5689 +0.8334 + 1.3702 + 1.4680
S(A‘):§( 4 ;

2.1876 +2.3606 +2.5097 +2.6427

4
1.5355+1.9728 +2.1876 + 2.3606 )

4

=0.4597
Score Function for TNNGAA(A,):

1713270 + 1.6641+2.5682 + 2.6937
S(A‘):§( 4 ;
0.4971 + 0.6588 + 0.8574 + 1.6020

4
0.2286 +0.3558 + 0.4971 + 0.6588 )

4

=0.9081

Table 4. The Score Function of the Alternative
Score Function (S(Ki))

A
' TNNWAA(A,) TNNWGA(A;)
A S(A,) =-0.4597 S(A;) =0.9081
4, S(A,) =-0.6598 S(A,) =0.7410
A, S(A;) =-0.5319 S(A;) =0.7868
’ S(A,) = 0.1559 S(A,) =1.4316
A S(As) =-0.1239 S(A5) = 1.0868

Step 4: Ranking the alternatives

Based on the score functions calculated in Step 3, the
ranking of the alternatives can be presented as follows:

Table 5. Ranking of the Alternatives

A; TNNWAA(A)) TNNWGA(A,)
A 3 3
4, 5 5
23 4 4
4, 1 1
4, 2 2

Note: A,=CRFW, A,=FRFW, A,=PRFW, A,=POMES, and A;=POME
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Both rankings, whether using the arithmetic or
geometric approach, produced the same ranking A, >A; >
A, >A; > A,. This means the POMES is selected as the most
suitable substrate, followed by POME, CRFW, PRFW, and
FRFW.

B.  Sensitivity analysis

To examine the robustness of the decision-making process,
a sensitivity analysis was conducted by perturbing the input
(linguistic terms) for Criterion 1 across all alternatives. The
analysis was performed in two stages: a one-level-down
adjustment (Table 6) and a one-level-up adjustment (Table 7).
The results in Table 6 show that when the input is reduced by 1
level, the ranking of alternatives remains unchanged. Similarly,
Table 7 presents the results of the one-level-up adjustment.
Despite changes in the absolute score values, the ranking order
remains identical. This stability suggests that the proposed
methodology is not sensitive to downward or upward changes
in Criterion 1, thereby supporting the robustness and
consistency of the ranking results.

Table 6. The Sensitivity Analysis (One-Level-Down)

Table 8. Comparative Analysis (Methodology)

Item Proposed Methodology Reference [39]
Theoretical Trapezoidal Neutrosophic Trapezoidal
X Neutrosophic Fuzzy Numbers
Basis Numbers
Ranking Method  Score Function Centroid Method
Aggregation Arithmetic and Arithmetic
Geometric
Method

2) Ranking of Alternatives

The proposed method yields consistent results across both
aggregation methods. In contrast, the comparative approach
yields different rankings when the arithmetic operator is used,
with some alternatives changing positions. Notably, applying
the geometric aggregation method within the comparative
framework results in rankings consistent with those produced
by the proposed methodology. These findings indicate that the
proposed methodology offers greater stability and that the
geometric operator provides more reliable results than the
arithmetic operator in the method of Reference [39].

_ TNNWAA(A)) TNNWGA(@A))
Ai . . . .
@ Ranking s@) Ranking Table 9. Comparative Analysis (Ranking of the Alternatives)
x S(A)=-0.5319 3 S(A,)=0.7868 3 Proposed Methodology Reference [39]
1
= S(A,)=-0.7282 5 S(A,)=0.5865 5 TNNWAA(A) TNNWGA(A) TNNWAA(A) TNNWGA(A,)
2
4, S(A:)=0.6003 4 S(A;)=0.6293 4 A 3 3 3 3
a, S(A,)=0.0306 1 S(A,)=1.3995 1 4, 5 5 1 5
. S(R)=02591 2 S(As5)=1.0469 2 A4, 4 4 2 4
A, 1 1 4 1
Table 7. The Sensitivity Analysis (One-Level-Up) A; 2 2 5 2
_ TNNWAA(A,) TNNWGA(A,)
A
S(A4) Ranking S(A) Ranking
— - — 5. CONCLUSION
A, S(A)=-0.5038 3 S(A,)=0.9469 3 )
_ _ _ The results demonstrate the effectiveness of the proposed
4, S(A;)=0.6961 5 S(A2)=0.7346 5 Multi-Criteria Decision Making (MCDM) method based on
A, S(A;)=-0.5683 4 S(A,)=0.7822 4 Trapezoidal Neutrosophic Numbers in selecting substrates for
_ _ _ biogas recovery.
4,  S(A,)=0.0584 1 S(A,)=1.4442 1
A, SC(A)=-02409 5 S(A)-1.2123 5 The final ranking identifies POMES as the most suitable

C. Comparative Analysis

A comparative analysis was conducted between the
proposed methodology and the approach developed by
Reference [39] to highlight both methodological distinctions
and practical implications for decision-making.

1) Methodology

The two approaches differ primarily in design: the
proposed methodology uses Trapezoidal WNeutrosophic
Numbers for presenting the fuzzy information, applies both
arithmetic and geometric aggregation approaches, and employs
a score function for defuzzification and ranking. In contrast,
Reference [39] adopts Neutrosophic Trapezoidal Fuzzy
Numbers. Rely only on arithmetic aggregation and apply the
centroid method for ranking.

substrate for biogas recovery, followed by other the alternatives
in a stable and consistent order. Importantly, this result aligns
with the initial assumption made by the decision-maker, further
validating the accuracy and practical reliability of the proposed
methodology.

The robustness of the proposed methodology was further
confirmed through sensitivity and comparative analysis. The
sensitivity analysis showed that the ranking of alternatives
remains stable under both upward and downward perturbations
of the input criteria, while the comparative analysis highlighted
that the proposed method provides consistent rankings across
aggregation methods and aligns closely with the geometric
results of the initial studies.

Overall, the study confirms that our proposed methodology
provides a useful tool for decision-making in biogas recovery
selection. While this study primarily focuses on the technical
methodology for substrate selection, we acknowledge the
importance of practical factors, such as cost, availability, and
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environmental benefits, for industry adoption. Future research
aims to incorporate these factors into consideration by
evaluating the economic feasibility, geographical availability,
and sustainability of the selected substrates.

Additionally, to foster broader application and adoption of
this methodology, aligning future research with existing policy
frameworks and industry standards can be critical. By
integrating these standards, the proposed methodology could
become part of best practices in biogas recovery, potentially
influencing policy development and encouraging collaborative
efforts across the renewable energy sector. This forward-
looking perspective not only reinforces the utility of our
findings but also invites industry stakeholders to engage in
dialogue about opportunities for implementation.
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