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ABSTRACT

We study the commutativity of Toeplitz and Hankel operators on Beurling subspaces of the
Hardy space, allowing bounded symbols with polynomial coanalytic parts. Suppose that the
Toeplitz symbol has a nonzero coanalytic part of degree p and that the Hankel symbol has
coanalytic degree m. We prove that the commutator vanishes on the monomial Beurling
subspace z¥H? if and only if k > p + m, and show that this threshold is sharp. When the
Toeplitz symbol is analytic and nonconstant, the corresponding threshold is m. We introduce
the Toeplitz—Hankel commutativity depth as the first level of the Beurling chain on which
the restricted commutator vanishes, assigning infinite depth when no such level exists. We
also determine the rank of the restricted commutator as a function of k and establish an
infinite-depth result for nonconstant analytic Toeplitz symbols when the Hankel symbol has
infinitely many nonzero negative Fourier coefficients. Finally, under the hypothesis that the
kernel of the Hankel operator is generated by a finite Blaschke product, we obtain a sharp
vanishing threshold on the corresponding Beurling subspaces.
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1. INTRODUCTION

Toeplitz and Hankel operators are among the fundamental
classes of operators in operator theory and function theory on
the Hardy space H?. They arise naturally from multiplication
operators through projection onto the analytic and anti-analytic
components of L2(T) and have been extensively studied in
connection with complex analysis, function theory, and
operator algebras; see, for example, [1], [2]. Their algebraic
properties,  including  products, = commutators, and
commutativity, have attracted considerable attention. In
particular, commutativity problems for Toeplitz operators have
a long history, beginning with the classical work of Brown and
Halmos [3]. Further developments considered various symbol
classes and analytic function spaces; see, for example, [4]-[6].
Hankel operators exhibit a different algebraic structure, since
the classical Hankel operator maps H? into its orthogonal
complement. Nevertheless, through the standard unitary
identification of this orthogonal complement with H?, Hankel
operators may be realized as operators on H?, providing a
natural framework in which such algebraic relations can be
studied. Commutativity and related algebraic problems for
Hankel operators have also been investigated in [7], [8].
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Mixed commutativity relations between Toeplitz and
Hankel operators have also been widely studied. In particular,
Martinez-Avendaiio [9] characterized the pairs of Toeplitz and
Hankel operators that commute on the Hardy space. Related
investigations have considered compact mixed commutators
[10] and finite-rank mixed commutators [11], as well as
extensions of Toeplitz—Hankel commutativity to multivariable
Hardy spaces [12], [13]. These results concern commutativity
or related properties on the whole underlying space. A different
question arises when the operators fail to commute on H?:
whether their commutators may vanish after restriction to a
proper invariant subspace, and, if so, at which level of a nested
family of invariant subspaces this phenomenon first occurs.

A natural setting for this question is provided by Beurling
subspaces of the Hardy space. These are closed subspaces of
H? of the form O H?, where 6 is an inner function. By Beurling’s
theorem [14], these are precisely the nontrivial closed invariant
subspaces of the unilateral shift on H2. Restricted Toeplitz and
Hankel operators associated with Beurling subspaces and
model spaces have also been considered recently in [15].
Among these, the monomial Beurling subspaces
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z*H?, k € N,,

form the nested chain
H? 5 zH? o> z2H? o --..

This structure makes it possible to study whether
commutativity, although absent on the whole Hardy space,
appears sufficiently far along the Beurling chain. Motivated by
this viewpoint, we consider Toeplitz and Hankel operators with
symbols having polynomial coanalytic parts and determine
exactly the members zX¥H? on which they commute. Here
commutativity on zXH? means the vanishing of the restricted
commutator, not the commutation of the separately compressed
operators.

Our main results determine the vanishing threshold of the
restricted Toeplitz—Hankel commutator on monomial Beurling
subspaces for bounded symbols with polynomial coanalytic
parts. Suppose that the Toeplitz symbol ¢ has a nonzero
coanalytic part of degree p and that the Hankel symbol 1) has
coanalytic degree m; p,m = 1. We prove that T, and H,
commute on z¥H? if and only if k > p + m. Moreover, this
threshold is sharp, since the commutator does not vanish on
ZzP*™m1g2  When ¢ is analytic and nonconstant, the
corresponding threshold is m. To describe these results in a
unified form, we introduce the Toeplitz—Hankel commutativity
depth dy (@,v), defined as the first level of the Beurling chain
on which the restricted commutator [T, Hy] vanishes, with
infinite depth when no such level exists. For nonconstant
Toeplitz symbols ¢ and nonzero Hankel operators Hy, both
with symbols having polynomial coanalytic parts, the
commutativity depth is given by

dru(@, ) = d_(¢) + d_().

Here, d_(¢)and d_(y)denote the degrees of the
coanalytic parts of the respective symbols. We also determine
the rank of the restricted commutator, establish an infinite-
depth result for nonconstant analytic Toeplitz symbols, and
extend the vanishing-threshold result to finite Blaschke-product
subspaces under a Hankel-kernel hypothesis.

The remainder of the paper is organized as follows.
Section 2 introduces the necessary notation and preliminary
results for Toeplitz and Hankel operators on the Hardy space.
In Section 3, we derive the action of the Toeplitz-Hankel
commutator [T(p,Hw] on the standard basis and establish the
sharp vanishing threshold. Section 4 determines the rank of the
restricted commutator along the monomial Beurling chain,
including the case of analytic Toeplitz symbols. In Section 5,
we introduce the Toeplitz—Hankel commutativity depth extends
the analysis to finite Blaschke-product subspaces. Section 6
provides examples illustrating the main results, and Section 7
contains the concluding remarks.

2. PRELIMINARIES

Let D be the open unit disc and T = dD. The Hardy space
H? consists of all analytic functions

f(z)=chZ", z €D,
n=0

such that

oo
2
£z = ) leal? < oo
n=0

The monomials {z™: n = 0} form the standard orthonormal
basis of H2. For k € N,, we consider the Beurling subspace

ZFH? = span{z¥, zK*1, 7442, ... ).
These subspaces form the decreasing chain
H? > zH? > z?H? > -
We denote by L*(T) the space of all essentially bounded
measurable functions on T. equipped with the essential

supremum norm. We also denote by H* the space of all
bounded analytic functions on with the supremum norm.

Let P: L?(T) — H? denote the orthogonal projection. For
@ € L”(T), the Toeplitz operator T,, is defined by
Tf = P(of),  fE€H.

For ¢ € L*(T), we denote by @ (n) its n-th Fourier
coefficient. The Fourier expansion of ¢ is given by

b= Y P

n=-—oo

When the coanalytic part of ¢ is a nonzero polynomial of
degree p = 1, we write

P
0(2) = f(2) + Z a, 7"

where f € H” and a_,, # 0. We denote the exact degree of the
coanalytic part of ¢ by d_(¢) = p, if ¢ is analytic, we set
d_(¢)=0.
Writing f(2) = X720, 7/, we have, for every n € Ny,
Tpz" = z ajz",
j=—min{p,n}

Here a_, for 1 <r <p are the coefficients in the
preceding representation of ¢. In particular, if n > p, then

> _ (D
T,z" = Z a; z",

j=-p
We realize Hankel operators as operators on H?2. Let
L% = L*(T) © H?,

and let P_ be the orthogonal projection from L?(T) onto L2.
Define

U:1% - H?
by
U(z) =21, j=1

For ¢ € L*(T), its Fourier expansion is given by

b@ = Y P

n=—oo
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When the coanalytic part of ¥ is a nonzero polynomial of
degree m = 1, we write

Y@ =g@+ ) bz
j=1

where g € H® and b_,,, # 0.
The Hankel operator Hy, is given by

Hy = UP_My|y2
where My, denotes multiplication by .
Let

N

Y@= ) b7

j=—m

be a trigonometric polynomial. When its anti-analytic part is
nonzero, we assume that m > 1 and b_,, # 0, so that m is its
exact coanalytic degree, and write

= 4 (2)
Y_(z) = Z b_jz™/.
=1

For k € Ny, we say that T, and H,, commute on z8H? if
Equivalently,

for every f € zFH?.

[T<P' Hll’] | k2 =0,

where [T, Hy| =T,Hy —HyT, and |,k,2 denotes the
restriction of the Toeplitz-Hankel commutator to z¥H?Z.
Throughout the paper, these two formulations will be used
interchangeably. The definition concerns the restriction of the
commutator to z¥H? rather than the commutator of the
operators obtained by compressing T, and Hy, separately to
zFH?. Indeed, if P, denotes the orthogonal projection onto
zFH? and the coanalytic part of ¥ has degree m, then
P H_| z¥H? = 0 whenever 2k > m — 1. Consequently, the
compressed commutator vanishes at those levels, whereas the
restricted commutator has the sharp threshold p + m when the
coanalytic part of ¢ has positive degree p. The two notions
therefore can have different vanishing thresholds in general.

Our Hankel convention differs slightly from that of
Martinez-Avendafio [9]. In [9], the Hankel operator with
symbol f has matrix entries f(—(i+j)), whereas our
realization

~ HI/} =U P—M1[)|H2

has entries (—(i+j+ 1)), for i,j = 0. Hence Hy = H;’pr,
where Hpy denotes the Hankel operator with symbol f under
the convention of [9]. Thus the two conventions describe the
same class of Hankel operators. In particular, the case k = 0 of
our commutativity results is consistent with the classification in
[9]: within our finite-coanalytic-degree symbol class, a nonzero
Hankel operator commutes with T, on all of H 2 only when ¢ is
constant.

The following elementary formula will be used repeatedly.

Lemma 1. Let Y € L*(T) have the coanalytic part given by
(2). Then, forn = 0,

Hogt = {Z}":nﬂ b_jz"t 0<n<m,
v 0, n=m.

In particular, Hyz™ ' = b_,,, and z™H? S KerHy,.

Proof. Suppose first that 0 < n < m. Since only the negative
Fourier coefficients of 1 contribute to P_(yz™),

m
P_(yz™) = Z b_jz"'j, 0<n<m.

j=n+1

Applying U yields

m
HlpZn: Z b_ij_n_l.

j=n+1

Now suppose that n = m. The corresponding sum is
empty, and hence Hyz"™ =0. By linearity, density, and
boundedness of Hy,, it follows that zZMmH? C keer.

Remark 1. The operator Hy, depends only on the anti-analytic
part of its symbol; that is, Hy, = Hy,_. If the anti-analytic part of
U vanishes, then Hy, = 0. In the results requiring a polynomial

anti-analytic part, we assume that {_ is given by (2), with m >
landb_, # 0.

3. THE MIXED COMMUTATOR
For ¢ ,3 € L*(T) consider the Toeplitz-Hankel commutator
[Tw'Hw] = ToHy — HyT.

The following formula describes its action sufficiently far
along the standard basis.

Proposition 1. For ¢ ,3 € L*(T), where
9@ =f@D+X_a,z7, fEH® a,#0.

Suppose also that the coanalytic part of P is given by (2),
withp,m = 1 and b_,, # 0. Then, for every n = max{p, m},

P 3)
[T, Hylz" = - Z a_, Hyz"™".

r=1
Proof. Since n = m, Lemma 1 gives Hy,z" = 0. Hence
[T, Hylz" = —HyT,2"

Since n = p, we have

p
Toz" =2"f(2) + Z a_,z™ .
r=1

Since n >m and f € H®, we have z"f € z™H?. Hence by
Lemma 1,

Hlp(an) =0.

Consequently,
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14

HyTp2" = ) ay Hyz"™,
r=1
Thus,
p
[T, Hylz" = —HyT,z" = —Z a_, Hyz"™".
r=1

which completes the proof.

Corollary 1. Under the hypotheses of Proposition 1, for every
nzp+m,

[T, Hylz" = 0.
Consequently, [Ty, Hy| ,p+my2 = 0.
Proof. If n=>p+mand1 <r < p, then
n—rz=zm.

Thus Hyz"™" =0 by Lemma 1, and equation (3) gives the
result.

Proposition 2. For ¢, € L*(T), where

p(2)=f@)+¥_ja,z7, [fEH” a_,#0, andthe
coanalytic part of Y is given by Equation (2), withp, m = 1 and
b_,, # 0. Then

[T, HylzP*™ ! = —a_,b_p, # 0. (4)

Proof. Since
p+m—12= max{p,m},
Proposition 1 gives

P
[T(p,Hw]ZpHn_l — _Z a_, H¢Zp+m—1—r.

r=1
Forl1<r<p,
p+m—1—r=m,
and hence the corresponding terms vanish. Therefore
[T(,),Hlp]z’”m'1 =—a_,Hyz™".

By Lemma 1,
HlpZm_l = b—m'

which proves equation (4). O

Combining the preceding corollary and Proposition 2, we
see that p + m — 1 is the largest integer n for which

[Ty, Hy|z™ # 0.
Thus the threshold p + m is sharp.

4. COMMUTATIVITY ON BEURLING SUBSPACES

We now determine exactly those members of the Beurling
chain on which the Toeplitz-Hankel commutator vanishes.

Theorem 1. For ¢,y € L*(T), where
(@) =f@D+¥_,a,z", feEH® a_,+0.

Suppose also that the coanalytic part of \ is given by (2),
withp,m = 1 and b_,, # 0. Then, for every k € N,

(7o, Hy]l 2 = 0
Proof. If k = p + m, then by Corollary 1 we have
[T, Hylz" = 0,

© kzp+m

n=k,
and therefore
[T</”H1/J]|zk1-12 =0.

Conversely, suppose that k < p + m. Then

p+m—1=k,
so zP*™~1 € zk 2 Proposition 2 gives

[Ty, Hy|zP™™* = —a_,b_,, # 0.
Thus the commutator does not vanish identically on z*H?,

which completes the proof.

Corollary 2. Under the hypotheses of Theorem 1, the
restriction

[T(pl Hw]zp+m—1H2
has rank exactly one.

Proof. By Corollary 1 the commutator vanishes on zP*™H?Z.
Hence, its restriction to zP*™ 1 HZ%has range spanned by the
image of zP*™~1, Proposition 2 gives

[Ty, Hy]zP*™ ™t = —a_,b_p, # 0.0

The preceding corollary shows that the restricted
commutator has rank one at the critical level k = p + m —
1. We now extend this observation by determining its rank
for every k = m, thereby describing how the rank changes
along the chain of monomial Beurling subspaces.”

Theorem 2. Under the hypotheses of Theorem 1, for every
integer k > m,

rank ([T, Hy||,ky2) = min{m, max{p + m — k, 0}}.
Proof. Since k = m, the operator Hy, vanishes on zFH?. Thus,

foreveryn > k,
P

[T, Hylz" = —Z a_, Hyz".

r=1

If k=p+m, Corollary 1 shows that the commutator
vanishes on zX¥H?, so the stated rank is zero.

Now suppose that m<k<p+m, and put gq=
min{m, p + m — k}. For every n > k, each nonzero monomial
in Hyz"™" has degree at most m—1—(n—r)<p+m-—
1 — k and at most m — 1. Hence

ran([T,, Hy||,x,2) € span{l, z, ..., z97%},
which gives
rank([T,, Hy |l ky2) < q.
For the reverse inequality, consider the g images

[Ty HylzP*™ I, j=01,..,q—1
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All these input monomials belong to z¥H?. Let 4; ; be the
coefficient of z* in [T, Hy|zP*™ "/, where 0 < i,j < q. By
Lemma 1,

P
Ajj=— Z a_r b—(p+m+i—j—r)'
r=1
where b_, = 0 for £ & {1, ..., m}. Substituting t = p — r yields
p—1
Ay =— Z ap-t) b-m+i-j+t)-
t=0

Ifi>j,thenm+i—j+t>mforeveryt =0,s04;; =
0.Ifi = j, only t = 0 contributes, and therefore

Aii = _a_pb_m * 0
Thus A is upper triangular with nonzero diagonal, and
detA = (—a_pb_m)q # 0.

The gq selected

Consequently,

images are linearly independent.

rank([T,, Hy|lky2) = q.
Combining the two bounds gives
rank([T,, Hy|l,k42) = ¢ = min{m,p + m — k}.

Together with the case k = p + m, this proves the theorem. o

Corollary 3. Under the hypotheses of Theorem 1, zP*™H? is
the first member of the monomial Beurling chain {z"H?:k €
No} on which T, and Hy, commute.

The analytic case has a different threshold.

Theorem 3. Let ¢ € H® be nonconstant, let € L®(T) have
the analytic part given by (2) with m = 1 and b_,, # 0. Then,
Jfor every k € N,

[Ty Hyllkyz=0 & k=m
Equivalently,

T(pr = HI[JT(p on ZkI‘I2 =4 k=m.

Proof. Suppose first that k = m. By Lemma 1, Hy,f = 0 for
every f € z™H?. Since ¢ € H*, multiplication by ¢ maps
z™H? into itself. Hence, for every f € zKH?,

Therefore,
[Tfp'Hll’]lzkHz = 0.

To prove minimality, Lemma 1 gives Hy, z™ 1 = p_,,. Writing
©(z) = Y7 0a, z7, we obtain

T(lepZm_l = b—m(p
By Lemma 1,
H-lpT(pZm_l = aob_m,

Consequently,

[Ty, Hylz™ ™ = b_m(e — 9(0)) # 0,
because ¢ is nonconstant and b_,, # 0.

For every k <m, we have z™ '€ zFH? Thus the
commutator does not vanish identically on zXH?, proving the
assertion.

The remaining degenerate cases are immediate. If ¢ = c,
then T, = cl, and hence

[T, Hy] = 0.

Similarly, if ¥_ = 0, then Hy, = 0, so the commutator vanishes
on H?.

5. TOEPLITZ-HANKEL COMMUTATIVITY DEPTH

We introduce a quantity that records the first member of
the Beurling chain on which commutativity occurs.

Definition 1. For ¢,y € L*(T), we define the Toeplitz—Hankel
commutativity depth by

dry (@, ¥) = inf{k € No: [T, Hy|| k2 = 0},
with the convention that inf @ = oo,

We now use the preceding results to determine the
commutativity depth for Toeplitz and Hankel symbols with
polynomial coanalytic parts.

Theorem 4. Let @,y € L°(T), and suppose that their
coanalytic parts are polynomials. If Hy, = 0, then dry (@,)) =
0.

Suppose Hy, # 0, and let m = d_() = 1. Then
0, @ is constant,

dry (@, ) ={m, @ is analytic and nonconstant,
p+tm, d_(p)=p=1

Proof. If Hy, = 0, the assertion is immediate. If ¢ is constant,
then T, is a scalar multiple of the identity, so again the
commutator vanishes on HZ.

If ¢ is analytic and nonconstant, Theorem 3 gives
dru (@, ) =m.
Finally, if d_(¢) = p = 1, then by Theorem 1
dry(e, ) =p +m.

For nonconstant Toeplitz symbols Theorem 4 takes a
particularly simple form.

Corollary 4. Let ¢, € L*(T) have polynomial coanalytic
parts. Suppose that ¢ is nonconstant and Hy, # 0. Then

dry (@, ) = d_(@) + d_(). )

Thus the commutativity depth depends only on the
coanalytic degrees of the two symbols and is independent of
their analytic parts and of the remaining Fourier coefficients.

Theorem 5. (Infinite depth for nonconstant analytic symbols).

Let @ € H® be nonconstant and let Y € L™ (T). Then
dry (@, ) = d_(),
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where d_(i)) = oo if Y has infinitely many nonzero negative
Fourier coefficients.

Proof. 1f d_(1p) is finite, the conclusion follows from Theorem
3 (and is immediate when Hy, = 0). Suppose d_ (i) = o and,
contrary to the claim, that for some k > 0,

[T, Hyll ez = O.

Put h,, = Hy,z". Our Hankel convention gives

h,s1 = S*h,, where S =T,. For every n = k, commutator
vanishing yields

@hy, = Hy(pz™).

Applying §* to both sides and using Hy,S = S*H,;, we obtain
5" (phn) = Hy(9z™*") = @hp,s.
. Since ¢ is analytic, the backward-shift product identity
gives
5" (@hyn) = ¢S"hn + (S @I (0) = Phnis + (ST 9) M (0).

Consequently, (S*@)h,(0) =0 for every n > k. As ¢ is
nonconstant, S*¢ # 0, and therefore

h,(0) = b—(n+1) =0, n=k

Thus all negative Fourier coefficients of 1 beyond degree
k vanish, contradicting d_(iy) = c. Hence the commutator
vanishes on no monomial tail, so dry(¢@,) = co. This
completes the proof. o

The following result extends the vanishing-depth
calculation to a Beurling subspace determined by the kernel of
a Hankel operator.

Theorem 6. Let 0 be a nonconstant finite Blaschke product and
let ) € L®(T) satisfy ker Hy, = OH?. Suppose that

(p(z)zf(z)+27p~=1a—rz_r, fEHoo,pZL a_p # 0.

Then, for every k € N,,

[Ty Hyllkguz =0 & k=p.

Proof. Fix k > p and write h = z*6g with g € H?>. As h €
ker Hy,

Sincek—r=>0forl <r <p,

p
Toh=fh+ ) a7 € OH®.
=1
Thus [T,,, Hy]h = 0.

For sharpness, choose h = zP~10. The analytic part of ¢
and the terms with 7 < p give vectors in § H? after applying the
Toeplitz operator. The remaining term gives

[T, Hyl(zP716) = —a_,Hy (S"0).

We claim $*6 ¢ OH?. If 8(0) # 0 and S*6 = Og, then
6 —0(0) = z8g € OH?, so the nonzero constant §(0) lies in
OH?, which is impossible for a nonconstant inner function. If
0(0) = 0, let s = 1 be the order of its zero at the origin. Then
S§*6 = 0/z has a zero of order s — 1, while every element of
OH? vanishes to order at least s. Hence S*6 ¢ OH? in either
case. Therefore

Hy(S76) 0, [T, Hyl(z"716) # 0.

For each k < p, the vector zP~18 belongs to zXOH?. The
restriction cannot vanish there. This proves the equivalence. O

A concrete example illustrating the sharp threshold
established in Theorem 6 is provided in the Examples section
(see Example 4).

Remark 2. Formula (5) admits a simple interpretation. If m =
d_(y), then Hy annihilates z™H?. If p = d_(¢) = 1, the

coanalytic part of ¢ can lower the degree of a monomial by at
most p. Hence the action of Ty, on every monomial in ZPtMy2

produces only monomials belonging to z™H?, which are
therefore annihilated by Hy. At the preceding level,

[Ty, Hy|zP*™ = —a_,b_,, # 0. If ¢ is analytic and
nonconstant, then p = 0, and the corresponding critical relation
is [Ty, Hy]z™™* = b_iy (@ — ¢(0)) # 0. Thus, in both cases,
the threshold in (5) is sharp.

6. EXAMPLES

We conclude the main discussion with several examples
illustrating the different cases of Theorem 4.

Example 1. Let
@0(z)=2z>—-2z>+3—z"1+4z7% and
Y(z)=z*+2z+1-32"2+ 5274
Then
d-(¢) =3,  d_-(¥) =4
Hence dry (@, ) = 7. Equivalently,
[To Hylljz =0 o k=7

Note that at k = 6, the commutator does not vanish since
[Ty, Hy]z® = —(4)(5) = —20 # 0.

Example 2. Let
@(z) =1+ 2z—1z3+ 42° and
Y(z) =2+2z2—-3z71+7z7%
Since ¢ is analytic and nonconstant and d_ () = 4,
Theorem 3 gives dry (¢, §) = 4. Indeed, [T, Hy|z* =
7(¢ — (0)) =7(2z — 2> + 42°) # 0,
whereas the commutator vanishes on z*H?.
Example 3. Consider
@©,(z)=2z8+2z2+1+z71—-2273,
Y,(z) =325 —z+2+4z272+ 274,

and
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@,(z) =100z1° — 7z + 5+ 11272 + 9273,
Y,(z) =z +6—13z71 + 2273 — 8z7%.

Although the coefficients and analytic degrees of the two
pairs are different, their coanalytic degrees coincide: d_(¢;) =
d_(p,)=3, and d_(P;)=d_(P,)=4. Consequently,
dry (@1, U1) = dpu (@4, P,) = 7. This example confirms that
the Toeplitz—Hankel commutativity depth depends only on the
coanalytic degrees of the two symbols, as established in in
Corollary 4.

Example 4. (A nonmonomial degree-two Blaschke product)

Fix 0 < a < 1 and set

(z-a)

0() =, V()=

— -2
az z(z—a)’ 0@ =27

Here i € L™ (T); its poles are strictly inside the unit circle,
so it is not being asserted that ¢ is analytic in the disk. Under
the convention Hy, = UP_My,

Hyh=0 & P (Yh)=0 << h(0)=nh(a)=0.

h
z(z—a)
removable exactly when h vanishes at both points. As 1 — az
and its reciprocal are bounded analytic multipliers,

ker Hy, = z(z — a)H?* = 6H?.

The last equivalence follows because the poles of are

For h=z?0g, we have Hyh=0 and S*’h=06g¢€
ker Hy,. Hence

[TZ—Z, Hl/)] |226H2 =0.

At the critical vector h = z6,

§*2(20 0 z—-a
(Z)_z_l—az'

S () = —— =g O
v (Z)_Z(l—az)_z 1—az

The negative Fourier part is z~1, and the flip sends it to 1 .
Thus

[T,-2, Hy](260) = —H,S"*(26) = —1 # 0.

Since z0 € zKOH? for k = 0,1, we obtain
[T,-2,Hyll kg2 =0 & k=2,

7. CONCLUDING REMARKS

We have determined the exact members of the monomial
Beurling chain

(Z¥H?%: k € Ny}

on which the restricted Toeplitz—Hankel commutator vanishes
for bounded symbols with polynomial coanalytic parts. When
the Toeplitz symbol has a nonzero coanalytic part of degree p
and the Hankel symbol has coanalytic degree m, the sharp

vanishing threshold is p + m. For a nonconstant analytic
Toeplitz symbol, the corresponding threshold is m.
Consequently, for nonconstant Toeplitz symbols and nonzero
Hankel operators whose symbols have polynomial coanalytic
parts,

drp (@, ¥) = d_(¢) +d_().

We have also determined the rank of the restricted
commutator along the monomial Beurling chain. Beyond the
finite-degree setting, we have shown that the commutativity
depth is infinite when the Toeplitz symbol is nonconstant and
analytic and the Hankel symbol has infinitely many nonzero
negative Fourier coefficients. Furthermore, under the
hypothesis that the kernel of the Hankel operator is generated
by a nonconstant finite Blaschke product, we have established
a sharp vanishing threshold on the corresponding Beurling
subspaces.

The characterization of finite commutativity depth for
general nonanalytic Toeplitz symbols and Hankel symbols with
infinitely many nonzero negative Fourier coefficients, as well
as extensions to more general inner-function subspaces, remain
questions for future investigation.
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  𝜃 − 𝜃 ( 0 ) = z 𝜃 g ∈ 𝜃   H 2


  𝜃 ( 0 )


  𝜃   H 2


  𝜃 ( 0 ) = 0


  s ≥ 1


    S ∗ 𝜃 = 𝜃 / z


  s − 1


  𝜃   H 2


  s


    S ∗ 𝜃 ∉ 𝜃   H 2


    H  𝜓 (   S ∗ 𝜃 ) ≠ 0 ,   [   T  𝜑 ,   H  𝜓 ] (   z  p − 1 𝜃 ) ≠ 0 .


  k < p


    z  p − 1 𝜃


    z  k 𝜃   H 2


  m =  d −  ( ψ )


   H ψ


   z m  H 2


  p =  d −  ( φ ) ≥ 1


  φ


  p


   T φ


   z  p + m  H 2


   z m  H 2


   H ψ


   [  T φ ,  H ψ ]  z  p + m − 1 = −  a  − p  b  − m ≠ 0 .


  φ


  p = 0


   [  T φ ,  H ψ ]  z  m − 1 =  b  − m  ( φ − φ  ( 0 ) ) ≠ 0 .


  φ  ( z ) = 2  z 5 −  z 2 + 3 −  z  − 1 + 4  z  − 3


  ψ  ( z ) =  z 4 + 2 z + 1 − 3  z  − 2 + 5  z  − 4 .


   d −  ( φ ) = 3 ,      d −  ( ψ ) = 4 .


   d TH  ( φ , ψ ) = 7 .


   [  T φ ,  H ψ ]  |   z k  H 2 = 0     ⇔     k ≥ 7 .


  k = 6


   [  T φ ,  H ψ ]  z 6 = −  ( 4 )  ( 5 ) = − 20 ≠ 0 .


  φ  ( z ) = 1 + 2 z −  z 3 + 4  z 5


  ψ  ( z ) = 2 +  z 2 − 3  z  − 1 + 7  z  − 4 .


  φ


   d −  ( ψ ) = 4


   d TH  ( φ , ψ ) = 4 .


   [  T φ ,  H ψ ]  z 3 = 7  ( φ − φ  ( 0 ) ) = 7  ( 2 z −  z 3 + 4  z 5 ) ≠ 0 ,


   z 4  H 2


   φ 1  ( z ) =  z 8 + 2  z 2 + 1 +  z  − 1 − 2  z  − 3 ,


   ψ 1  ( z ) = 3  z 5 − z + 2 + 4  z  − 2 +  z  − 4 ,


   ψ 1  ( z ) = 3  z 5 − z + 2 + 4  z  − 2 +  z  − 4 ,


   φ 2  ( z ) = 100  z 10 − 7 z + 5 + 11  z  − 2 + 9  z  − 3 ,


     ψ 2  ( z ) =  z 7 + 6 − 13  z  − 1 + 2  z  − 3 − 8  z  − 4 .


     ψ 2  ( z ) =  z 7 + 6 − 13  z  − 1 + 2  z  − 3 − 8  z  − 4 .


   d −  (  φ 1 ) =  d −  (  φ 2 ) = 3 ,


   d −  (  ψ 1 ) =  d −  (  ψ 2 ) = 4 .


   d TH  (  φ 1 ,  ψ 1 ) =  d TH  (  φ 2 ,  ψ 2 ) = 7 .


  0 < a < 1


  𝜃 ( z ) =   z ( z − a )  1 − a z ,   𝜓 ( z ) =  1  z ( z − a ) ,   𝜑 ( z ) =   z  − 2 .


  𝜓 ∈   L ∞ ( T )


  𝜓


    H  𝜓 = U   P −   M  𝜓


    H  𝜓 h = 0   ⇔     P − ( 𝜓 h ) = 0   ⇔   h ( 0 ) = h ( a ) = 0 .


   h  z ( z − a )


  h


  1 − a z


  ker     H  𝜓 = z ( z − a )   H 2 = 𝜃   H 2 .


  h =   z 2 𝜃 g


    H  𝜓 h = 0


    S  ∗ 2 h = 𝜃 g ∈ ker     H  𝜓


  [   T    z  − 2 ,   H  𝜓 ]  |    z 2 𝜃   H 2 = 0 .


  h = z 𝜃


    S  ∗ 2 ( z 𝜃 ) =   𝜃  z =   z − a  1 − a z ,


  𝜓   S  ∗ 2 ( z 𝜃 ) =  1  z ( 1 − a z ) =   z  − 1 +   a  1 − a z .


  𝜓   S  ∗ 2 ( z 𝜃 ) =  1  z ( 1 − a z ) =   z  − 1 +   a  1 − a z .


    z  − 1


  1


  [   T    z  − 2 ,   H  𝜓 ] ( z 𝜃 ) = −   H  𝜓   S  ∗ 2 ( z 𝜃 ) = − 1 ≠ 0 .


  z 𝜃 ∈   z  k 𝜃   H 2


  k = 0 , 1


  [   T    z  − 2 ,   H  𝜓 ]  |    z  k   H 2 = 0   ⇔   k ≥ 2 .


  {   z  k   H 2 : k ∈   N 0 }


  p


  m


  p   +   m


  m


    d  T H ( 𝜑 , 𝜓 ) =   d − ( 𝜑 ) +   d − ( 𝜓 ) .


  n

